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Abstract

We show that Dif(ference), see Arellano and Bond (1991), Lev(el), see Arellano and
Bover (1995) and Blundell and Bond (1998), or the N(on-)L(inear) moment conditions
of Ahn and Schmidt (1995) do not separately identify the parameters of a first-order
autoregressive panel data model when the autoregressive parameter is close to one and
the variance of the initial observations is large. We, however, construct a new set of
(robust) moment conditions that identifies the autoregressive parameter irrespective of
the variance of the initial observations. These robust moment conditions are (non-linear)
combinations of the System (Sys) and A(hn-)S(chmidt) moment conditions. We use them
to construct the maximal attainable power curve under the worst case setting, which im-
plies a quartic root convergence rate. It is identical for the AS and Sys moment conditions
S0 assuming mean stationarity does not improve power in worst case settings. We com-
pare the maximal attainable power curve under the worst case setting with the lower
envelopes of the power curves of different GMM test procedures. These power envelopes
show the lowest rejection frequencies of these test procedures. The power envelope of
the K(leibergen) L(agrange) M (ultiplier) statistic of Kleibergen (2005) coincides with the
maximal attainable power curve under the worst case setting so the KLLM statistic is effi-
cient both when the autoregressive parameter is one or less than one. Our results extend
to general values of the autoregressive parameter for which identification fails when the

variance of the individual specific effects becomes large.
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1 Introduction

It is common to estimate the parameters of linear dynamic panel data models using the Gen-
eralized Method of Moments (Hansen, 1982). The moment conditions for the linear dynamic
panel data model either analyze it in first differences using lagged levels of the series as instru-
ments, in levels using lagged first differences as instruments or using a combination of levels
and first differences. We refer to the first set of moment conditions as Dif(ference) moment
conditions, see Arellano and Bond (1991), the second set as Lev(el) moment conditions, see
Arellano and Bover (1995), Blundell and Bond (1998) and the third set as N(on-)L(inear)
moment conditions, see Ahn and Schmidt (1995).

The Dif, Lev and NL moment conditions can be used separately to identify the parameters
of dynamic panel data models. In order to exhaust all information, however, two particu-
lar combinations of Dif, Lev and NL moment conditions have been proposed. We refer to
the combination of the Dif and Lev moment conditions as the Sys(tem) moment conditions
and the combination of the Dif and NL moment conditions as the A(hn-)S(chmidt) moment
conditions.! The Sys moment conditions exhaust all information on the autoregressive para-
meter that is present under mean stationarity, see Arellano and Bover (1995) and Blundell
and Bond (1998). The AS moment conditions exhaust all information whilst not assuming
mean stationarity, see Ahn and Schmidt (1995).

We analyze the various moment conditions when the panel data are highly persistent.
All moment conditions involve first differences of the series to remove the individual specific
effects. The first difference operator removes information in the time series at the unit root
value of the autoregressive parameter. It is well known that the Dif moment conditions there-
fore do not identify the autoregressive parameter when its true value is (close to) one, since
lagged levels are then weak predictors of first differences. This has led to the development of
the NL and Lev, and hence AS and Sys, moment conditions which originally were considered
to identify the autoregressive parameter when the panel data are highly persistent.

We show that identification of the autoregressive parameter by Dif, NL or Lev moment
conditions separately depends on the setting of the initial observations, individual specific
effects and variances of the disturbances. We show that these affect the identification of
the autoregressive parameter and that none of the previous moment conditions identifies the
autoregressive parameter for all specifications of these nuisance parameters. For a range of
relative convergences rates of the variance of the initial observations compared to the sample
size, the Dif, Lev and NL sample moments and their derivatives diverge. Both the population
moment and the Jacobian identification condition are then ill defined which implies that the

autoregressive parameter is not identified. These results confirm and extend earlier findings

'Note that in a combination of all three sets of moments conditions, the NL moment conditions are
redundant.



in Madsen (2003), Bond et. al. (2005), Hahn et. al. (2007) and Kruiniger (2009).

We construct a new combination of the Dif, Lev and NL moment conditions (other than
AS and Sys) that does not depend on the initial observations. These novel robust moment
conditions therefore identify the parameters irrespective of the setting of the nuisance para-
meters which obviously includes the case of highly persistent data. The novel robust moments
are suboptimal under less severe settings of the nuisance parameters so we refrain from using
them for estimation. Instead, we use them to obtain optimal inference procedures under the
worst case settings of the nuisance parameters.

Our first main contribution is to show that the novel robust moment conditions are
spanned by either the Sys or AS moments. Hence, the Sys and AS moments identify the
parameters irrespective of the setting of the nuisance parameters when there are more than
three time periods. It is remarbable that the AS moments always lead to identification
since it implies that the assumption of mean stationarity is redundant. Despite that, the
large sample distributions of one step and two step generalized method of moments (GMM)
estimators are non-standard under worst case settings of the nuisance parameters. This
explains their large biases and the size distortions of their corresponding t-statistics when
the series are persistent, see e.g. Madsen (2003), Bond and Windmeijer (2005), Bond et. al.
(2005), Dhaene and Jochmans (2012), Hahn et. al. (2007), Kruiniger (2009) and Bun and
Windmeijer (2010).

We next determine which GMM test procedure, that remains size correct under worst case
settings of the nuisance parameters, is optimal. This excludes one and two step t-statistics
since they are obviously size distorted. The size correct GMM statistics that we therefore
analyze are the GMM-A (nderson-)R(ubin) statistic of Anderson and Rubin (1949) and Stock
and Wright (2000), the GMM-L(agrange-)M (ultiplier) statistic of Newey and West (1987)
and the K(leibergen)LM statistic of Kleibergen (2005). Both GMM-LM and KLM statistics
are LM or score statistics so they are optimal when the autoregressive parameter is less than
one. To determine if any of these three test statistics is optimal under the worst case setting
of the nuisance parameters, we construct the lower envelope of their power curves to which
we refer as the power envelope. The power envelope shows the lowest attainable power which
results from the worst case specification of the nuisance parameters.

Under the worst case specifications only the novel robust moments contain information
on the autoregressive parameter. We therefore use them to construct the maximal attainable
power curve under a worst case setting. It implies a quartic root convergence rate which
further reflects the non-standard manner in which the autoregressive parameter is identified
by the moment conditions. We compare the maximal attainable power curve with the power
envelopes of the large sample distributions of the GMM-AR, GMM-LM and KLM statistics
based on Sys or AS moments. In doing so, we provide an extension of Andrews et. al.

(2006) from the linear instrumental variables regression model with one included endogenous



parameter towards the panel autoregressive model of order one.

Our second main result is that the power envelope of the KLM statistic is on the maximal
attainable power curve for all number of time periods. Thus the KLM statistic is optimal
in worst case settings. Hence, since it is also optimal in all other settings, it is optimal in
general for inference in the dynamic panel data model. This is a somewhat different conclusion
compared with Andrews et. al. (2006), who do not recommend the KLM test for practical
use.?

A final interesting outcome from the asymptotic power analysis is that the power envelopes
that result for the AS and Sys moment conditions coincide. This shows that assuming
mean stationarity is not only redundant for identification, but also does not add any further
identifying information about the autoregressive parameter in worst case settings.

Throughout the analysis, we use an asymptotic sampling scheme in which we let both the
variance of the initial observations and the number of cross section observations get large. In
dynamic panel data models, the variance of the initial observations can be large due to a unit
root value of the autoregressive parameter or because of a large variance of the individual
specific effects. In the latter case, the identification of the autoregressive parameter also fails
at values of the autoregressive parameter smaller than one. Although we, in our analysis,
mainly focus on values of the autoregressive parameter close to one, all our results apply as
well to the case of a large individual specific effect variance.

The paper is organized as follows. Section 2 introduces the linear dynamic panel data
model and the different moment conditions we use to identify its parameters. In Section 3, we
introduce our asymptotic sampling scheme, and as an illustration show that the Dif and Lev
moment conditions with three time periods do not identify the autoregressive parameter. In
Section 4, we use a representation theorem, akin to the cointegration representation theorem,
see Engle and Granger (1987) and Johansen (1991), to pin down the identification properties
of the different moment conditions for the general case. In Section 5, we construct the robust
moments conditions and the maximal attainable power curve under worst case settings. We
also briefly discuss the extension to a large individual specific effect variance. In Section
6, we construct the power envelopes of different GMM test procedures. The final section
concludes. Proofs of theorems and definitions of test statistics are provided in Appendices A
and B respectively. We use the following notation throughout the paper: = means asymp-

totically equivalent, — indicates convergence in probability, and ~ indicates convergence in
P

distribution.

?Compared with Andrews et. al. (2006) we didn’t analyze the conditional LR test. For the panel data
model, however, Newey and Windmeijer (2009) report in their simulation study that KLM and conditional

LR statistics have similar power properties.



2 Moment conditions
We analyze the first-order dynamic panel data model
Yit = ¢+ 0Yi—1 + uit i=1,...,N, t=2,....T, (1)

with T' the number of time periods and N the number of cross section observations. For
expository purposes, we analyze the simple dynamic panel data model in (1) which can
be extended with additional lags of y; and/or explanatory variables.> Estimation of the
parameter # by means of least squares leads to a biased estimator in samples with a finite
value of T, see e.g. Nickell (1981). We therefore estimate it using GMM. We obtain the GMM

moment conditions from the unconditional moment assumptions:

Elujuis) = 0, s#t t=2,...,T,
FElujc) = 0, t=2,...,T, (2)
Eluiyin] = 0, t=2,...,T.

Under these assumptions, the moments of the T'(T" — 1) interactions of Ay;; and vy :
E[Ayiyij] j=1,....,T, t=2,...,T (3)

can be used to construct functions which identify the parameter of interest 6. We do not use
products of Ay;; to identify 0 since we would need further assumptions, i.e. homoscedasticity
or initial condition assumptions, see e.g. Han and Phillips (2010).

Two different sets of moment conditions, which are functions of the moments in (3), are

commonly used to identify 6 :
1. Difference (Dif) moment conditions:
Elyij(Ayi — 0Ay;—1)] =0 j=1,...,t—2;t=3,...,T, (4)

as proposed by e.g. Anderson and Hsiao (1981) and Arellano and Bond (1991). The

Dif moment conditions solely result from the conditions in (2).
2. Level (Lev) moment conditions:
ElAyi—1(yie — Oyie—1)| =0 t=3,....T, (5)

as proposed by Arellano and Bover (1995), see also Blundell and Bond (1998). Besides

the conditions in (2), the Lev moment conditions use

E[Ayic;] =0, (6)

3The extension to other explanatory variables would depend on the nature of these. For some settings such

an extension would be trivial but for others not so.



which implies that the original data in levels have constant correlation over time with

the individual-specific effects. This assumption implies the following for y;;:
Yil = /’Li+ui17 i:]w"'uNa (7)
with ¢; = p,;(1 — 6p), which is often referred to as mean stationarity.

The Dif and Lev moments can be used separately or jointly to identify §. When we use
the moment conditions in (4) and (5) jointly, we refer to them as system (Sys) moment
conditions,? see Arellano and Bover (1995) and Blundell and Bond (1998). Another set of
nonlinear (NL) moment conditions, which just like the Dif moments only use the conditions
in (2), results from Ahn and Schmidt (1995):

El(yit — 0yir—1)(Ayir—1 — 0Ayi—2)] =0  t=4,...,T. (8)

The NL moments can be used separately or jointly with the Dif moments to identify 6.
When we use the moment conditions in (4) and (8) jointly, we refer to them as Ahn-Schmidt
(AS) moment conditions. Ahn and Schmidt (1995) show that these (combined) AS moment
conditions exhaust the information on € in the moment conditions (2) and are therefore
complete. Mean stationarity adds one moment condition (6) to the moment conditions in
(2). Hence, the complete set of moment conditions under (2) and (6) equals the AS moment
conditions and (6). Upon rewriting we can show that these combined moment conditions are
identical to the Sys moment conditions so they are complete under (2) and (6).

The Dif moment conditions do not identify 6 when its true value is equal to one while the
Lev moment conditions are supposed to do, see Arellano and Bover (1995) and Blundell and
Bond (1998). Also the NL (and hence AS) moment conditions are considered to identify 6
when its true value is one but since these moment conditions are quadratic in 6, they are less
commonly used than the linear Dif, Lev, and Sys moment conditions, see Ahn and Schmidt
(1995). The identification results in Blundell and Bond (1998) and Ahn and Schmidt (1995)
are, however, silent about their sensitivity with respect to the initial observations. In the
next Section we analyze the (non-) robustness with respect to the initial observations in more
detail for T' = 3 time periods, and show that identification by the Lev moment conditions is

arbitrary in case of highly persistent panel data.

3 Identification: An illustrative example

In this Section we introduce our asymptotic sampling scheme which consists of drifting se-

quences for the autoregressive parameter and variance of the initial observation. Furthermore,

"We could extend the Lev moment conditions to (7 — 1)(7 — 2) sample moments by including additional

interactions of Ay;;—; and y; —6yii—1, for j = 2,...,t—2. It can be shown, however, that all conditions on top
of those in (5) can be constructed as linear combinations of the Dif conditions in (4) and the Lev conditions

in (5).



we use it in an illustrative example to analyze the limiting behavior of Dif and Lev moment
conditions when T = 3.9

The Dif and Lev moment conditions that we use to identify 6 are semi-parametric with
respect to the individual specific fixed effects, variances and initial observations so they
identify 6 for a variety of different specifications of them. These specifications, however,
influence the identification of 6 for persistent values of it, i.e. values that are close to one.’
To exemplify this, we first consider the simplest setting which has T" equal to three. We also
note that, since we use the Lev moment conditions, we assume mean stationarity (6)-(7).

When there are three time series observations, the Dif and Lev moment conditions read:

Dif: E[yil (AyiS - HAyiz)] =0

| - )
Lev: E[Ayia(yiz — Oyiz)] =0,

with Jacobians:

Dif:  —ElyinAyiz] = —E((; + wi1)((fo — Duir + wiz)

(10)
Lev: —E[yiAyis] = —E((c; + Ooy1i + wi2) (0o — Duir + u42)),

where 6 is the true value of #. For many data generating processes for the initial observations,
the Jacobian of the Dif moment condition in (10) is equal to zero when 6y is equal to one.”
The Dif moment condition does then not identify 8 when 6y is equal to one for these DGPs.

Under mean stationarity (6)-(7), the Jacobian of the Lev moment condition is such that
E(yinAyi2) = (00 — 1)00E(ufy) + E(uf) # 0, when 6 = 1, (11)

so the Lev moment condition seems to identify 6 irrespective of the value of 8y, see Arellano
and Bover (1995) and Blundell and Bond (1998). There is a caveat though since for many
data generating processes y;1 does not have a finite mean and/or variance when 6y is equal to
one and, despite that y;; and u;2 are uncorrelated, we then do not know the value of E(y;1u;2)
which is both an element of the moment equation (upon recurrent substitution) in (9) and
the Jacobian in (11). To ascertain the identification of 6 by the Lev moment conditions when
0o is equal to one, we therefore consider a joint limit process where both 6y converges to one
and the sample size goes to infinity. In order to do so, we first make a technical assumption
about the variance of the idiosyncratic part of the initial observation under mean stationarity

(6)-(7)-

®We postpone discussion of the Sys moment conditions for T' = 3 until the next Section, while the NL, and

hence also AS, moment conditions are available for 7' > 3 only.

Tn Section 5.1, we show that similar identification problems occur when 6 is smaller than one, but the
variance of the individual specific effects is large.

"Exceptions are when mean stationarity (6)-(7) does not hold, see e.g. Hayakawa (2009), or, for example,

ol

in case of covariance stationarity so var(uil) =17z
]



Assumption 1. The limit behavior of the variance of (1 — 0g)u;1, with w; the disturbance

in the mean stationarity conditions (6)-(7), when 0y goes to one is such that
E(limgOTl((l — 90>ui1)2) = 0 (12)

Assumption 1 is necessary for the Dif and Lev moment conditions to hold when 6y = 1
and mean stationarity (6)-(7) applies.
Furthermore, we make an assumption on the variance of the product of the initial obser-

vation y;1 and the disturbances u;; :

Assumption 2.

var(uiy;1) = var(ug)var(yy), t =2,...,T. (13)

A condition under which this assumption holds is independence of u;; and y;; but it can
also hold under less stringent conditions. In the sequel, we analyze the identification of 6
when the variance of the initial observations gets large compared to that of the subsequent
disturbances. The assumption in (13) enables such settings.

We analyze the large sample behavior of the Lev sample moment, % vazl Ayia(yiz—0yi2),
and its derivative, —% Zf\i 1 Yi2Ayi2, when 0y converges to one (we rule out explosive values
of 6p) and mean stationarity (6)-(7) applies. In order to do so we first list their relevant

elements for the large sample behavior under some DGP for the initial observations:

limgy11 & 31y Ayiz(yis — Oyiz) = (1—0) {% SN 02, 4 limgyr = SN wioyin+
limgy11 37 Yoy (1= 90)%‘1%‘1} (14)
limgy11 & S inAyio & & SN udy + limgy g1 & SO0, winyin+
limg, 11 % Zij\il(l — bo)uiyir.

We dropped all elements in (14) that do not affect the large sample behavior when 6y goes
to one,® at least not under our drifting parameter sequences as defined below. What is left
over are terms with non-zero mean and/or depending on the initial observations y;;. Since

use and y;1 are uncorrelated and under (13), it holds that
1 N
h(eo)ﬁ D oisq WinYil ~ Pa, (15)

with 1, a normal random variable with mean zero and variance 03 =var(u;2) and h(6y) =2 =var(y;1).
We analyze a setting in which both 6y and the variance of the initial observations are
functions of the sample size which we indicate by o ny and hn (0o n) respectively. When the

sample size gets large, these sequences behave according to

limNHoo 00’]\[ =1

. (16)
limy oo An(Bon) = d,

8 This explains why we use the “~” sign instead of the “=" sign.



with d a finite possibly zero constant. The sequences in (16) allow the variance of the initial
observations to be large in combination with a large value for the autoregressive parameter.

The limit sequences in (16) are such that (15) remains to hold so
h (fo,n) YL tigyin — 1y, (17)

and which explains why % Zfil usoy;1 appears in (14).
When d in (16) equals zero, the rate at which hn (0o n) goes to zero, or the variance of
the initial observation goes to infinity, determines the behavior of the sample moments in

(14). For example, when these sequences are such that

hN(907N)\/N N:)oo o, (18)
it holds that
N N N
% Zi:l yiQAyZQ = % Zi:l ’UJ?2 + hN(golN)\/ﬁ hN(QO’N)ﬁ Zi:l U2yl | +
X 2, (1= 6o n)uiyi (19)
? U% + limy_ 00 E((l — HO,N)U%),
while when
hN(007N)\/N Njw 0, (20)

the large sample behaviors of the Lev sample moment and its Jacobian are characterized by
h(Bo.n) o Yict Ayin(yis — Oyia) = (1 06) {hN(Qo,N)\/N [% Yty “122} +
h (60,8)VN {% POAEES 90,N)u¢1y¢1] +
[hN(QO,N)\/% ¥ uiQQil] }

— (1 =0),
N d N (21)
hv (o) e Xita Yi2lyiz = hv(on)VN |5 2ily %22} +
hn(0o,n)VN |+ S (- QON)uilyil} +
h (6o N)ﬁ SN wisyin
— Y
Hence, when (20) holds:
Iy (0
N ity Ayia(yis — Oyia) = P N&%N) S Ayia(yia — 0yi2)
— o
N—o0
h (0 (22)
~ il vizAyiz = GV N\(/%N) il e Ay
— o
N—oo



so the sample moments of the Lev population moment and Jacobian go to infinity when
the sample size increases. It implies that the Lev population moment and Jacobian are not
defined. In this case we conclude that 6 is not identified.

Since any assumption about the convergence rates of the sample size and the variance of
the initial observations is kind of arbitrary, also the identification of # by the Lev moment
conditions is arbitrary for DGPs for which 6 is close to one and the variance of the initial
observations is infinite when 0y equals one. Some plausible DGPs, all of which accord with

mean stationarity (6)-(7), for the initial observations belong to this category:

DGP 1. Ug :var(ci), h(907N) = (1 — (907]\7)/00

2

DGP 2. ¢% =var(¢;), 03 = —Z—, h(fon) = (1 — g ) /0.

c 1-05 x
2 _ 2_ _o? / 2
DGP 3. O-'U‘ —Var(ﬂi), 01 = % 90]\[ 1-— 90N
DGP 4 2 __ 2 __ 21_0(2),(1g\l+1) h(6 1 1- Q%N
-0y _Var(ui)7 01 =0 179(2)7]\[ ) ( ON) 1— 02(y+1)
21 92(9+1)

DGP 5. 02 =var(¢;), 02 =0 W, h(Oon) = (1 — 6o N) /0.

DGPs 4 and 5 characterize an autoregressive process of order one that has started g
periods in the past while the initial observations that result from DGP 2 and 3 result from
an autoregressive process that has started an infinite number of periods in the past. DGPs 2
and 3 are also used by Blundell and Bond (1998) while Arellano and Bover (1995) use DGP
2.

For DGPs 1-5 to accord with (20), the limiting sequence 6 x (16) is such that:

DGP 1, 2, 5: (1—607N)\/NN—> 0 or fgny=1-—=%

NE+e)
. 2 _
DGP 4 : N — 0,

9 N—o00, g—00

with e a constant and € some real number larger than zero. In case of DGP 4, (23) implies
that the process has been running longer than the sample size N. Kruiniger (2009) uses the
above specification of DGP 3 with ¢ = 0 and DGP 4 with N/g converging to a constant to
construct local to unity asymptotic approximations of the distributions of two step GMM
estimators that use the Dif, Lev and/or Sys moment conditions.

We do not confine ourselves to a specific DGP for the initial observations so we obtain
results that apply generally. While the (non-) identification conditions for identifying 6 that
result from the above data generating processes might be (in)plausible, it is the arbitrariness
of them which is problematic. Additionally, the identification condition might hold but it

can still lead to large size distortions of Wald test statistics.

10



4 Identification from general moment conditions

We just showed that the Lev and Dif moment conditions do not identify 6 when 6g is close
to one and T" = 3. To analyze the identification of 6 by the different moment conditions
for a general number of time periods 7', we start out with a representation theorem. For
the different moment conditions, it states the behavior of the sample moments and their
derivatives under the previously defined limit sequences. Throughout we assume that the
mean stationarity conditions (6)-(7) apply, so the Lev and Sys moment conditions are valid

too.

Theorem 1 (Representation Theorem). Under Assumptions 1 and 2, the conditions in
(2), mean stationarity (6)-(7), finite fourth moments of ¢; and uyg, i =1,..., N, t =2,...,T,
T > 3, we can characterize the large sample behavior of the Dif, Lev, NL, AS and Sys sample
moments and their derivatives for values 0y that drift to one according to (16) and (20) by:

RO\ _ 4 )
( a0 ) -\ a ot + ¢ lima—os B((Boy — Du)] +
7.0, BL(0
0.0 >>+¢1ﬁ< §<>>%7
1y (0, 0°) By (0)
= Dif, Lev, NL, AS, Sys. Furthermore, ujc(ﬁ,az) and ,ué(@,az) are constants,
2. a?p), ¥ and 1, are mean zero finite variance normal random variables, ¢ is a
vector of ones and the dimensions of ¢ and v are T — 1 for Dif, AS and Sys and T — 2 for
Lev and NL.

The specifications of A?(Q), Ag(@), B?(H), Bg(@), ,U,;(G,JQ), ,ug(H,UZ), Y and 1, for values
of T equal to 4 and 5 are stated in Appendix A.

(24)

wzth 7
= (o

Proof. see Appendix A. m

The representation theorem in Theorem 1 is reminiscent of the cointegration represen-
tation theorem, see e.g. Engle and Granger (1987) and Johansen (1991). Identical to that
representation theorem, Theorem 1 shows that the behavior of the moment series changes
over different directions.

The representatlon theorem shows that the sample moment and its derivative diverge
in the direction of (Az §9§) since the latter components get multiplied by e \/—1/}, which
under (20) goes to infinity when the sample size increases. The only 1dent1fy1ng information
for 6 therefore results from that part of the sample moment which does not depend on .
Since 1 only affects the part of the sample moments spanned by Agc (0), the sample moments

are independent of ¢ in the direction of the orthogonal complement of A?c ().

11



When we pre-multiply the sample moments by the orthogonal complement of Ajc (0), we

obtain
ALY F0) = A(O), (6, 07) + S A (0) BI(O) Ve, (25)

with A;(Q)l the orthogonal complement of A;(Q), ie. A} (9)’J_A§c (0) = 0. Compared with the
expression in Theorem 1 (24), the elements multiplied by A;(H) have both dropped out since
A?c (9)&14?(9) = 0. The right hand side of (25) now contains all remaining identifying elements
of the original moment conditions. From expression (25), it is seen that identification results
only when AZ‘ (#) 1 is a well defined matrix and, furthermore, ug;(ﬁ, 0?) is non-zero. We next

briefly discuss what this implies for different moment conditions discussed previously.

Dif and Lev conditions When T = 3 or 4, the specifications of ( ”EG 02;) and (AJ 59;) for

the Dif and Lev moment conditions, which are stated in the proof of Theorem 1 in Appendlx
A, are:

Dif 2 . .
. (0,0%) % 7
Dif: T =3 (Z:Dif(eﬁz)) = (00), A7(0) = (-0 1), A7Y(0) = (-10).
-6 1 0 100
Dif . .
(6,0%) i i
T=4 (5237f(970))=(0...0)’, ATy = 0o - 1 |, A77@)=-|0 1 0
0 —6 1 010
. £ (0,0%) 1-0 ev ev
Lev: T =3 (52%(9’02)) =03 ( 1 )) ) AJLr 0)=1-0, Ar(0) = —1.

2
B pkev(@,02)y 1-06 op Levim [ 11— 0 0
T=4 (“gev(0,02)) - ( 1 ® U?)’ > Af (9) - 0 1—9 )
ALev(9) = —1I.
(26)
The expressions of A?if (#) and A]’%e”(ﬁ) in (26) are all square or rectangular matrices. When

10 50 the Lev moment

T exceeds four, the expressions of A]Lce”(é?) remain square matrices
conditions do not identify 6 since AJLC“’(H) 1 does not exist. When T' = 3 or T" > 4, the
expressions of A?if (0) are not square so the orthogonal complement of ADif 9), A?if (@)L,
is well defined. However, since u?if (0,0?) equals zero, A?if 0), ?’f (0,02) = 0 so the Dif

moment conditions still do not identify 6 for any value of 7. Summarizing we have:

Dif, T = 4: A?if (0)1 does not exist. No identification when T' = 4.
Dif, T =3, T >4: A{Y(0), 4" (0,0%) = 0. No identification when T' =3, T > 4.
Lev: A]Lce”(H) 1 does not exist. No identification when 7" > 3.
(27)

9The proofs in the Appendix A do not cover T' = 3 since it straightforwardly results from 7' = 4.
'9We refer to the proof of Theorem 1 for the expressions of A?if (0) and AF°(0) when T = 5.
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NL condition The NL moment condition is not defined for T = 3. When T = 4, the
9 (9 52 j
expressions of (uf(e’g )) and (Af(e)) read
q

wy(0,02) AL(0)
o VE00%)y _ (1-6)(03—003)y ANE@)y _ [ 0(6—1) 1-0
NL: (hgoon) = Coppityoz—oz ) (Agw(a))—( w1 1 | (28)

Since there is only one sample moment, the specification of Aﬁcv L(G) shows that there are more
diverging components than sample moments so the NL moment condition does not identify
0.

11 are also such

The expression of A}V L(9) for a larger number of time series observations
that the number of divergent components exceeds the number of sample moments. Hence for
larger values of T', the NL moment conditions also do not identify 6.
wh(8.0%) A30) _
;ﬂ'(e,ﬂ)) an (Aj(a)) when T = 4 for the AS

and Sys moment conditions result from stacking those of the Dif and NL and Dif and Lev

AS and Sys conditions The expressions of (

moment conditions respectively:

0 -6 1 0
0 0 -0 1
AS: T =4 M?S(9,02): 0 ,A?S(Q): 0 01
(1-90) (o} —003) 00 —1) 1—-60 0
0 1 0 0
0 0 1 0
MqAS(97O-2) = 0 s A:;‘S(H) = 0 1 0
2(0—1)03 - 032 20—1 —1 0

s 0 5 - !
SyS3 T=3 ,u?y (070.2) — (]_ — (9) ( 0_2 ) y A?y (9) = ( 1 0 0 ) )
2 _

0 1 0
27°(0.0%) = AFV(0) = .
,Uq(:U) (U%)v q() (_1())

"'The expression for T = 5 is stated in the proof of Theorem 1 in Appendix A.
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0 —0 1 0
0 0 -0 1
Sys: T=4 ;0.0 =1-0)| 0 |, A0 = o -6 1|,
03 1- 0 0
o3 0 1-6 0 (20)
0 0 0
0 0 1 0
psvi 0,02 =1 o |, A%@) = 0o 1 o0
o3 -1 0 0
o3 0 -1 0

When T = 3, A?yS(Q) is a square matrix so its orthogonal complement is not defined. It
implies that the Sys moment conditions do not identify 6 when T' = 3. When T equals 4, the
specification of AZ}(Q) is a rectangular matrix both for the AS and Sys moment conditions.
It implies that the orthogonal complement of Agc ), Aic (0)1, is a well defined matrix. Fur-
thermore, the specification of ugc(ﬁ, 0?) for the AS and Sys moment conditions in (29) is such
that A}(G)'L,u?c (6,02) # 0. It implies that although the AS and Sys sample moments diverge
in the direction of Agc (0), so that part cannot be used to identify 6, the AS and Sys sample
moments identify € by their part which is spanned by the orthogonal complement of AZC(H).
The expressions of ,u;(O, 0?) and A;(O, 0?) in the proof of Theorem 1 in Appendix A show

that this argument extends to all values of T' larger than three.

Corollary 1 (Identification of 0). Under the assumptions of Theorem 1, 0 is identified
by the AS and Sys moment conditions when T exceeds three but is not identified by the Dif,

Lev and NL moment conditions for any value of T.

Corollary 1 shows that the identification issues for the Sys moment conditions with 7" = 3
do not extend to more time series observations. Hence, 0 is identified by the Sys moment
conditions when there are more than three time periods. It also shows that 6 is identified
by the AS moment conditions. We used mean stationarity to construct the large sample
behavior in Theorem 1 and Corollary 1. Unlike the Sys moment conditions, the AS moment
conditions do, however, not need mean stationarity to hold. It shows that assuming mean
stationarity for constructing moment conditions does not help to identify # when 6y = 1 since
the same identification results are obtained from moment conditions that do not assume mean
stationarity. When mean stationarity does not hold both the Dif and NL, and consequently
the AS, moment conditions identify § when 6y = 1.

Corollary 1 shows that the AS and Sys moment conditions identify 8 when T exceeds
three. This does, however, not imply that GMM estimators based on these moment conditions
behave in the manner that we are used to when estimating parameters which are identified

by moment conditions. We distinguish two different cases:
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1. The convergence rate accords with (18) so 1 vanishes from the large sample behavior
of the moment conditions in Theorem 1. It leads to standard behavior of one and two step
GMM estimators.

2. The convergence rate accords with (20). Only the part of the moment conditions in the
direction of A?E(Q) 1 (25) now identifies #. One step and two step GMM estimators, however,
use both the part of the sample moment that lies in the direction of A}(Q), which diverges,
and the part which lies in the direction of its orthogonal complement, which identifies 6.
Usage of the first part results in an inconsistency so one and two step GMM estimators are
inconsistent and have non-standard limiting distributions. To exemplify this, Corollary 2
states the limiting distribution of the one step estimator based on the Sys moment conditions
which results in a straightforward manner from Theorem 1 since the Sys moment conditions

are linear in 6.

Corollary 2. Under the conditions of Theorem 1, the limiting behavior of the one step

estimator for the Sys moment conditions is characterized by

00 = 1= (AT (Y AT (D)1 AT (1 AT (), (30)

which is inconsistent since A?ys(l) does not equal zero.

Corollary 2 shows that the one step estimator based on the Sys moment conditions is
inconsistent despite that the Sys moment conditions identify . It also shows that the limiting
distribution of the one step estimator is non-standard. Similar results hold for the one step
GMM estimator based on the AS moment conditions and the two step GMM estimator based
on either the AS or Sys moment conditions. These are more involved to obtain since the AS
moment conditions are a quadratic function of 8 and we have to involve a covariance matrix
estimator for the two step GMM estimators. For reasons of brevity, we therefore refrain from
constructing these.

Corollary 2 shows that the identification of § by the AS and Sys moment conditions when
T exceeds three does not automatically lead to standard behavior of one and two step GMM
estimators. It can be shown that, under the conditions of Theorem 1, the limiting behavior
of one- and two-step GMM estimators is similar to the non-standard results in e.g. Madsen
(2003) or Kruiniger (2009). Conducting inference based on these estimators exploiting the
usual Wald or t statistic is therefore hard when 6 is close to one.

In order to fully exploit the identification for the AS and Sys moment conditions, we
therefore make use of several identification robust GMM statistics, i.e. the GMM-AR statistic
of Anderson and Rubin (1949) and Stock and Wright (2000), the GMM-LM statistic of Newey
and West (1987) and the KLM statistic of Kleibergen (2005). These identification robust
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GMM statistics, which are defined in Appendix B, are size correct for all values of y.'? Since
0 is identified by the AS and Sys moment conditions, they also have discriminatory power.
For settings of 6y and the nuisance parameters for which no identification issues exist,
both the GMM-LM and KLM statistics are efficient and more powerful than the GMM-AR
statistic. This standard notion of efficiency does, however, not apply to values of 8y close to
one which is also revealed by the inconsistency of the one and two step GMM estimators. To
establish a sense of efficiency or optimality, we therefore in the next Section determine the
maximal attainable power for testing values of # under the worst case settings where its true

value is one and the variance of the initial observations accords with (20).

5 Maximal attainable power in worst case setting

In this Section we construct the maximal attainable power curve under the worst case setting
which results from the identifying part of the sample moments as in equation (25). As
discussed previously, only the orthogonal complements with respect to A;(Q) of the AS and
Sys sample moments identify § when T is larger than three. Expressions of the orthogonal
complements of Agc (0) for T =4 and 5 for the AS and Sys moment conditions are stated in
Appendix A. In general they can be specified as

A40)1 = (G0(0) F Ghp) (31)

where T' indicates the number of time periods and Gg o is such that G%'Tuic(e, 0?) = 0. Fur-
thermore, ch 1(0) is the only part of A?(H) 1 that depends on #. The orthogonal complements

are such that the rotated robust AS and Sys moment conditions are quadratic in 6 :

gr7(0) = Ap(0)’ fn(0) = ab® + b6 + d, (32)
with for
—A. _ 1 N Ay;0)? _ 1 N i3—Yi1)2 _ 1 N ia—Yi1) Ay;
T=4: Sys a= 3 Y0, (447), b= -4 %, (Xo40)). d= & X, (W4, 2R00%).
N i3—Yi1) Ay; _ N i3—Yi1) Ay; i4—Yi1) Ay;
AS o= % >t ((y3 yol) “)v b= _% >ic ((y3 vit) AyysjA(Zi vir) y2)>
1 N ia—Yi1) Ay;
d= N Zi:l ((yZyggi)yMy 3) :
(Ayin)? (yis — yin)?
(yiS - yil)AyiS (?/i4 - yil)(yi4 - yi2)
T=5: Sys a = >\, (Ayiz)? b=—%3, (yia — yiz)? :
0 AyinAyia
0 AyizAyia

12The GMM-LM statistic is size correct in this case because under the null hypothesis no parameters are

estimated.
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(Yia — yi1) Ayis
(Z/z’5 - %1)Ayz‘4
d= % Zg\; (yis — Yi2) Ayia

Ayi2Ayis
AyisAyis
(yiz — vi1) Ayia (Yia — yi1) Az + (i3 — vi1) Ayis
(Yia — vi1)Ayis (Yia — yi1) Ayia + (yis — vi1) Ayis
AS a=300 | (Wi —vi2)Ayis | b= % ity | (ia — vi2) Avia + (vis — vi2) Avis
0 AyinAyia
0 AyizAyig

(Yia — vi1)Ayis

(Yis — vi1)Ayia

d= % Zi]\il (Yis — vi2) Ayia
AyinAyis
AyizAyis

The limiting sequence in (20) characterizes the worst case for identifying 6. The robust
moment condition in (32) is the only part of the AS and Sys moment conditions that identifies
0 in this worst case setting. We can therefore use it to obtain the maximal attainable power
(MAP) of tests using the AS or SYS moment conditions of Hg : § = 6y with 95% significance
against the alternative (worst case) hypothesis H; : § = 1 with nuisance parameters that are
characterized by (20), see Lehmann and Romano (2005):

MAPI(0o[Hy) = limy_o maxpg Pr [ts(6) > acts(gy) [Hi] j=AS, Sys
= limpy_,o maxyg ming Pr [ts(@o) > acy9,)|0 = 1] j=AS, Sys

(33)

where T'S is the set of statistics testing Ho, ts(6p) is an element of the set T'S, i.e. a statistic
that tests Ho, acys(g,) the 95% asymptotic critical value of ts(fp) and S the set of processes
for the initial observations that satisfy Assumption 1 and the mean stationarity conditions
(6)-(7). We refer to the power function in (33) as the maximal attainable power curve. It
just focuses on the alternative hypothesis H; : 8 = 1 since the identification issues are most
relevant at this value of f. The standard optimality results, if any exist, do not apply under
these conditions so we use the robust moments in (32) to establish them.

To construct the maximal attainable power curve, we first have to determine the slowest
rate at which the hypothesized value of 8 under Hg can drift away from one, whilst the true
value of 6 equals one, such that the sample moment (32) converges to a random variable that
is non-degenerate and remains finite with probability one. To determine this rate, we first

state the probability limits of a, b and d when the true value of 6 is one.
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Theorem 2. Under Assumptions 1 and 2, the conditions in (2), finite fourth moments
of ¢ and wy, i =1,...,N, t =2,...,T, and w = limg, .1 E((¢c; — (1 — 00)yi1)?), the limit
behavior of the different components of grr(0) when the true value of 0 is equal to one is

characterized by:

T=4, Sys: a— (“77%), b— — (W ED), d - (075,
p p

T=4, AS: a— (¥{%8) b— —(Cetodtod)) g (3tod),

p 0 P p
w+ o3 4w + 03 + 0% 3w+ 03
2w? + o3 6w + 03 + 03 4w + o3
T=5, Sys: a7 w? + o2 ,b?— 4w + 0% + o2 ,d? 3w+ o2
0 w w
0 w w
2w + o3 5w+ 03 + o3 3w+ 03
3w+ 03 Tw+ 0%+ 03 4w + 0§
T=5, AS: a? 2w+a§ ,b?— 5w+o§+ai ,d7 3w+o’i
0 w w
0 w w

Proof. see Appendix A. m

The parameter w in Theorem 2 reflects the deviation from mean stationarity. Mean
stationarity corresponds with a zero value of w. Theorem 3 states the convergence rate for

the local to unity asymptotics that we employ to obtain the maximal attainable power curve.

Theorem 3. Under the conditions of Theorem 2, the drifting sequence for 0 under Hg for
the robust moments gy (0) is such that:

1. When w =0, a%za%tz?,...T:@zl—i—%}v,

2. When w # 0 or o2 # o2, for at least one value of t,t=2,...T —1:0 = 1+ﬁ,

with e < 0 a finite constant.
Proof. see Appendix A. m

The quartic root convergence rate in Theorem 3 results since the robust moment equation
(32) is quadratic in 0. When we specify 6 as 1 + 1% and w = 0, o? =02 t=2,...T, al
elements which are linear in e cancel out in the limit. We are then left with the quadratic
term in e and components that converge at the rate ﬁ A quartic root convergence rate,
r.e. &€= %, then makes all these components of the same order of magnitude in the sample

size.
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Instead of using the robust moment equation in (32) for testing hypotheses on 6, it can
also be used to estimate 6. The estimator that results from it, is, however, a worst case
estimator since it only does relatively well under worst case DGPs. For DGPs with values of
0 less than one, estimators based on the other moment conditions outperform it. Alongside
this suboptimality also its large sample distribution is, identical to the standard one-step
and two-step GMM estimators, non-standard. This holds since the expected value of the
discriminant of the quadratic equation (32) is equal to zero under the worst case DGPs, i.e.
case 1 in Theorem 3. The estimator then has a quartic root convergence rate and a non-
standard large sample distribution. Remarkably, a quartic root convergence rate is also found
by Ahn and Thomas (2006) and Kruiniger (2013, Theorem 4) for random effects maximum
likelihood estimators.

Theorem 3 shows that mean stationarity (6)-(7), under which w = 0, and variances that
are constant over time lead to the slowest convergence rate for 0. It implies that jointly with
(20) this setting provides the worst case data generating process under 6y = 1. Therefore,
to construct the maximal attainable power curve, we first obtain an approximation of the
finite sample distribution of the GMM-AR statistic which tests Hy : 6 = 1 + 3/% just using
the robust moments in (32) whilst the true value of 6 is equal to one jointly with (20). This

particular statistic can be written as:
GMM-AR(e) = Ng;.r(e) Vyg(e)Lgrr(e), (34)

with gr7(e) the moments in (32) evaluated at § = 1 + %\)N and V,(e) the (Eicker-White)
covariance matrix estimator of the covariance matrix of gr(e). The next Theorem states its

large sample distribution.

Theorem 4. Under the conditions of Theorem 2 and when the true value of 0 is equal to
one, w=0, 0? = 0% t=2,...T, the large sample distribution of the GMM-AR statistic (34)
for testing the hypothesis Hg : 0 =1 + ﬁ, 1s characterized by

X2(6, Pmax), (35)

with e*E(a) [B(N)'VapaB(N)] ™" E(a), pmax the number of elements gr(6), so when T = 4,
Pmax = 2 or when T' =5, pmax = 5, 8 = (e0)*(4) (B(N)'Vapa B(N)) 71 (),

B(N) = (188 Ipna) + g |2+ 35)(€18 € o) + (€23 © Ip)| . (36)

Vaba the covariance matriz of a, b and d, t3 a 3 x 1 dimensional vector of ones, Ip, .. the
Pmax X Pmax dimensional identity matriz, e1 3 and ez 3 the first and second 3 x 1 dimensional
unity vectors and x2(8, pmax) @ non-central x* distribution with non-centrality parameter &

and degrees of freedom parameter pmax.
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Proof. see Appendix A. =

The expression of the large sample distribution in Theorem 4 depends on the sample size.

When the sample size goes to infinity, %\/ﬁ converges to zero so B(N) converges to (t3®1p, .. )-
For most sample sizes, += is, however, non-negligible and therefore important to incorporate

YN
in the expression of the large sample distribution to obtain an accurate approximation of the

finite sample distribution of the GMM-AR statistic.

There are more moment conditions in g¢r(e) than the number of elements of 6, which is
one, so they over identify 6. More powerful statistics for testing a point null hypothesis on 6
can therefore be constructed using a weighted average of the moments g1 (e) instead of all
of them. We construct the maximal attainable power curve using the (infeasible) weighted
average of the robust sample moments in the GMM-AR statistic (34) that leads to the largest

value of the non-centrality parameter of the large sample distribution.

Theorem 5. Under the conditions of Theorem 2 and when the true value of 0 is equal to

e

N
X*(4,1), (37)

with § = e* (%’)/(B(N)’Vade(N))_l (?), tp @ p x 1 dimensional vector of ones and p equals
1 when T'=4 and 3 when T = 5.

18

one, the mazimal attainable power curve for testing Ho : 0 =1+

Proof. see Appendix A. m

Figure 1 shows the maximal attainable power curves that result from the AS and Sys
moment conditions when 7' = 4 and 5. Figure 1 shows that the maximal attainable power
curves that result from the AS and Sys moment conditions are identical which is surprising.
Apparently no power is lost by exploiting the AS moment conditions only. This novel result
documents that imposing mean stationarity is not only unnecessary, but also superfluous.
Furthermore, Figure 1 also shows that the maximal attainable power curves that result for
a larger number of time series observations dominate those that result for smaller number of

time series observations.
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Figure 1. Power envelope for testing Hy: 0 = 1+ 4 =~
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Note: 95% significance level, true value of @ is one, N=500, Sys & T=4 (dashed), AS & T=4 (dotted),

Sys & T=5 (solid), AS & T=5 (dash-dotted).

5.1 Large individual fixed effect variance

Sofar we have focused on highly persistent panel data resulting from a large autoregressive
parameter. However, the representation of the moment conditions and their derivatives in
Theorem 1 applies to any setting where the variance of the initial observations gets large.
The expression of the initial observation in (7) shows that its variance becomes large when
either the variance of the initial disturbance term, u;1, or the individual specific fixed effect,
w;, become large. Theorem 1 and the resulting subsequent Theorems focus on a large variance
that results from the initial disturbance term. This occurs when the initial observation results
from the unconditional distribution of an AR(1) model and the autoregressive parameter is
close to unity. Theorem 1 does, however, extend to the case where jointly with the sample
size, the individual specific effect variance becomes large in such a manner that (20) holds.
This drifting sequence applies to any value of the autoregressive parameter so the resulting
identification issues are then no longer confined to the unit root value. Hence, they also apply
to cases with only moderate autoregressive dynamics, but a large variance of the unobserved
heterogeneity.

For Theorem 1 and subsequent Theorems to cover a large individual fixed effect vari-
ance, we have to minorly change the specification of A¢(6,60), A4(0,60), Bf(0,00), By(6,00),
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p(0,00,02) and p,(6,600,0%) accordingly. For example, the expressions of Af(6,60) when

T = 4 for the AS and Sys moment conditions are:

fp—1—90 1 0
(Bp—0) (B —1)  6o—1—6 1
00(6p — 0) (g — 1) 00(6o—1—0) 6o
(1—6)(6g—6—1) 1-6 0

Op—1—16 1 0 (38)
(Bo—0)(Bo—1)  Gp—1-6 1
Sys: A3%°(0,00) = | 6o(60 —0)(6o — 1) 6o(6 —1—8) 6p

1-6 0 0
(1—6)(6p —1) 1-6

AS: AL5(0,0,) =

The expressions in (38) are identical to those in (29) when 6y = 1. Interestingly, the part of
the orthogonal complement of A¢(#,6y) which depends on 6, i.e. G?T(G) in (31) , remains

unchanged:
—(1-9) 0
AS: GS_4(0) = 8 G, = 190
1 0
—(1-29) 0 (39)
0 —6o
Sys: G34_,(0) = 0 LGy, = 1
—6 0
1 0

The robust moments which result from the orthogonal complement in (32) are therefore
insensitive to two sets of nuisance parameters: the initial observations and the individual
specific fixed effects. The robust moments still constitute a quadratic polynomial. Theorem
3 shows that the resulting convergence speed (of an estimator or a local-to-true-value hypoth-
esized parameter value) is of a lower order in the sample size when the expected value of the
discriminant of the quadratic polynomial equals zero. This occurs under a unit root value of
the autoregressive parameter paired with mean-stationarity and constant variances over time.
The expected value of the discriminant also equals zero when the autoregressive parameter is
zero again paired with mean-stationarity and constant variances over time. Hence, the worst
case data generating processes at a zero value of the autoregressive parameter also imply a
quartic root convergence rate. For all other values of the autoregressive parameter besides

zero and one, the expected value of the discriminant is not equal to zero so the convergence

B nstead of Af(0), By(0),... we now use As(6,00), Bf(6,00),... since the results no longer apply to just

the unit root value of 6g.
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rate is then equal to the square root of the sample size under the worst case data generating
processes. The slower convergence rate at a zero value of the autoregressive parameter results
because of the identification issues that occur for large values of the variance of the individual
specific fixed effect. Since these are considered less pervasive then those that occur because

of the unit root value, we have only covered them briefly here.

6 Power envelope and maximal attainable power curve

Theorems 1, 4 and the convergence rate of the maximal attainable power curve in Theorem
3 show that the limiting behavior of estimators is not uniform since it depends on the data
generating process at hand. Wald statistics are then size distorted. Under the null hypothesis,
the limiting distributions of the GMM-AR, GMM-LM and KLM statistics based on the AS
or Sys moment conditions do not depend on nuisance parameters so they remain size correct
irrespective of the data generating process. The recommended statistic to use amongst these
is then the one which has the largest discriminatory power.

When the true value of 6 is less than one, so 8 is identified by all moment conditions, both
the GMM-LM and KLM statistics are efficient and so are Wald statistics based on estimators
that result from the moment conditions. When 6 = 1, it is, however, not obvious which
statistic is optimal. We therefore construct the lower envelope of the power curves of the
GMM-AR", GMM-LM and KLM statistics to determine which one, if any, coincides with
the maximal attainable power curve. The lower envelope of power curves results from the
worst case setting. The worst case large sample distributions of the GMM-AR, GMM-LM
and KLM statistics are stated in Theorem 6.

Theorem 6. Under the conditions from Theorem 2, the worst case large sample distribu-
tions, which apply under (20), mean stationarity (6)-(7) and o? = 0%, t = 2,...T, of the
GMM-AR, GMM-LM and KLM statistics for testing the hypothesis Ho : 0 = 1 + whilst

the true value of 0 equals one are characterized by

_e_
VN

GMM-AR(e) :  X*(6GMM-AR: PGMM-AR)
KLM(G) N X2(5KLM7 1) (40)
GMM-LM(e) :  x*(Samm-rm, 1),

4We note that this is the GMM-AR statistic that is based on all sample moments which is defined in
Appendix B. It therefore differs from the one in (34).
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with PGMM-AR = %(T + 1)(T —2) for the Sys moment conditions, paym-Ar = %(T +1)(T -

2) — 1 for the AS moment conditions,

Samm-ar = () (2) (B(N) Vo B(N)) (%)
dxLM = 0GMM-AR

_1
Samn-rar = (e0)*(3) (B(N)Vapa B(N)) ™2 b vyvaasovy - (@reracy  (41)
1
(B(N)VapaB(N)) "2 () >4
= 0GMM-AR T =4,

with p equal to 1 when T = 4 and 3 when T = 5, ¢ an independent normal (T — 2)-

dimensional random vector with mean zero and covariance matric

Y12
limN_wo var ]’LN(H(),N) . (42)
Y1iUiT
Proof. see Appendix A. m

Theorem 6 shows that the lower power envelope of the KLM statistic coincides with the
maximal attainable power curve as described in Theorem 5. For the GMM-LM statistic this
only occurs when T' = 4. It shows that the KLLM statistic is, in a sense, optimal when @ is
equal to one. Since the KLM statistic is also efficient when 6 is less than one, it is efficient
both when 6 is less than one or equal to one.

Figures 2 and 3 show the power envelopes of 95% significance tests using the GMM-AR,
GMM-LM and KLM statistics for the AS and Sys moment conditions under a worst case
DGP when T equals four and five respectively. The worst case DGP that we use results from
DGP 1 in Section 3 with a large value of o2 (ten) compared to o7, t = 1,...,T (one). The
results of Theorems 5 and 6 follow from a quartic root convergence rate, and to provide a
numerical assessment we therefore fix N = 2000, a relatively large value. We next simulate
for a wide range of values for 8, which together with N provides a mapping to the constant
e in Figures 2 and 3 (horizontal axis).

Since the Sys moment conditions do not identify # when its true value is equal to one
and T equals three, all rejection frequencies under a worst case DGP are flat at 5% when T
equals three. To reiterate that the Dif, Lev or non-linear part of the AS moment conditions
by themselves do not identify 6 when its true value is one, Figures 2 and 3 below also include
the rejection frequencies that result from the GMM-AR statistic with Dif moment conditions.
These rejection frequencies equal 5% for all values of # which shows that the Dif moment
conditions do not identify # when its true value is equal to one. The same results are obtained
when we use the Lev or NL moment conditions or instead of the GMM-AR statistic use the
GMM-LM or KLM statistic.
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Figures 2 and 3'° provide a numerical proof of the main results from Theorems 5 and 6.
Figure 2 shows that, when T = 4, the power envelopes of the KLM and GMM-LM statistics
are on the maximal attainable power curve when we use the Sys or AS moment conditions
as stated in Theorem 6. The power envelopes of the GMM-AR statistic are below this power
curve. Figure 2 also shows that the power envelope of the GMM-AR statistic which uses the
AS moment conditions is slightly above the one which results from the GMM-AR statistic
that uses the Sys moment conditions. This results since, as stated in Theorem 6, the degrees
of freedom parameter of the non-central y? large sample distribution in case of the AS moment
conditions is one less than the one which results for the Sys moment conditions while they

have the same non-centrality parameter.

Figure 2: Power envelopes and maximal attainable power curve when T = 4
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Note: Sys moment conditions: KLM statistic (dashed), GMM-AR (solid with plusses),
GMM-LM (solid with triangles), maximal attainable power curve (solid).

AS moment conditions (dotted lines); Dif moment conditions: GMM-AR (solid with diamonds). N=2000.

I5For every statistic and the maximal attainable power curve, we use both the Sys and AS moment condi-
tions. For all of these, the results from the AS moment conditions are reflected by a dotted line so there are
four dotted lines. Most of these dotted lines are not visible since they are on top of some of the other lines in
the figures.
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Figure 3: Power envelopes and maximal attainable power curve when T' =5
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Note: Sys moment conditions: KLM statistic (dashed), GMM-AR (solid with plusses),
GMM-LM (solid with triangles), maximal attainable power curve (solid).

AS moment conditions (dotted lines); Dif moment conditions: GMM-AR (solid with diamonds). N=2000.

Figure 3 shows that, when T' = 5, the power envelopes that result from using the KLM
statistic with either the AS or Sys moment conditions are on the maximal attainable power
curve. Figure 3 also shows that the power envelopes which result from the GMM-LM and
GMM-AR statistics are below this power curve which is in line with Theorem 6 since the
simplification of the worst case large sample distribution of the GMM-LM statistic only
applies to T = 4. The power envelopes that result from using either the AS or Sys moment
conditions are the same for the KLM and GMM-LM statistics while those that result from
the GMM-AR statistic using the AS moment conditions are slightly above the ones for the
GMM-AR statistic using the Sys moment conditions. This again results from the smaller
degrees of freedom parameter of the worst case non-central y? limiting distribution of the
GMM-AR statistic when we use the AS moment conditions compared to the Sys moment

conditions while they have identical non-centrality parameters.
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7 Conclusions

We show that the Dif, Lev and NL moment conditions separately do not identify the parame-
ters in dynamic panel data models for a general number of time periods. This results from the
divergence of the initial observations for some plausible data generating processes involving
highly persistent panel data. When there are more than three time periods, however, the AS
and Sys moment conditions do lead to identification.

Despite identification from four time periods onwards, GMM estimators based on the AS
and Sys moment conditions behave in a non-standard manner so inference based on standard
Wald statistics is difficult. We therefore use size correct GMM statistics to conduct inference.
To recommend which one to use, we compare their worst case rejection frequencies with the
maximal attainable power curve under worst case settings. The resulting rejection frequencies
of the GMM-AR statistic are below this power curve whilst the rejection frequencies of the
GMM-LM statistic are on it when there are four time periods and below it for more time
periods. The rejection frequencies of the KLM statistic are always on the maximal attainable
power curve for all number of time periods. This makes it our recommended statistic since
it is also efficient for smaller values of the autoregressive parameter.

The maximal attainable power curves under worst case settings that result for the AS
and Sys moment conditions coincide for all number of time periods. It shows that the ad-
ditional assumption of mean stationarity made by the Sys moment conditions is not helpful
for identification. This results since the worst case DGPs all satisfy the mean stationarity
conditions.

The worst case DGPs imply a large variance of the initial observations which hampers
identification. This large variance can either result from the disturbance term of the initial
observation or from the individual specific fixed effect. In the first case, the identification
issues are confined to the unit root value of the autoregressive parameter. In the second case,
they can occur at any value of the autoregressive parameter. The first case is considered
more pervasive so we primarily focus on it. Our results, however, extend in a straightforward
manner to the second case as well.

We have analyzed identification in a worst case scenario setting. The identification is-
sues of the autoregressive parameters at the unit root value are resolved when the mean-
stationarity condition is violated (in which case we cannot use the Lev and Sys moment
conditions) or when the variances of the disturbances are not constant over time.

Finally, for expository purposes we only have analyzed the first-order autoregressive panel
data model. The extension to panel data models with multiple endogenous regressors, e.g.
dynamic models with additional endogenous regressors, is an important area for future re-

search.
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Appendix A. Proofs

Proof of Theorem 1. T=4. We can write the Dif sample moments and their derivatives

as
Yi1Ayiz — 0yin Ayio
V(o) = =SV vinAvia — Oy Ayis
Yi2Ayia — 0yinAyis
bon—1—10 1 0 YilUi2
=i (Bov —0) (Bon — 1) bon—1—10 1 ynuiz | +
(Oon —0)Oon(Oon —1) Oon (Bon —1—0) bon Yi1Uid
1 0
(Bov — 0) (00,5 — Dyauin | bon | ++ >N 0 ,
05 n (ui2 + (B0 — Duir) (Ayia — 0Ay;3)
Yi1 Ayio
g’ (0) = —¥ 28 | v Ay
Yi2Ayis
1 0 0 Yi1Ui2 1
= -3 L1 Oov — 1 10 yirwig | — (Bov — Dyirwir | Oon
Oon (Bov —1) bon O YilUig o,
0
_% Zz]\;l 0

(wiz + (Bo.n — Duin)Ayis

Under (16) and (20), these expressions are approximately equal to:

-6 1 0 Yi1Ui2
VO~ | 0 -6 1 yau | —3limy oo E((1 — Oon)ud, | +
0 -0 1 Yi1li4
0
N Zic1 0 ;
(uiz + (Oo,n — 1)uin)(uig — Ousz)
100 Yi1Ui2
IO ~-+£>N o1 0 yiwi | — s limy o B((1 — 0o n)uZ))
010 Yi1Uia
0
_% 2in1 0
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Since

N Yirta2 wyiluﬂ
hn (6o,n) 3 _
\/N Yi1uq3 7 Q/inlum - 1[)7
1 A
! yllu24 wyilu“l
U1 Ui2 0 wwwﬁ
Ui1ti3 0 ¢Uiluz‘3
Ui1thia 0 wuﬂum
N 2 2
N 1 Uso 02 wuizuiz _
b - 7 = Yo
=1 Ui2Wi3 0 wui2ui3
Ui2Ui4 0 wuizum
2 2
Us3 03 wui3ui3
Uiztid 0 wui3ui4

with ¢ and 1, normally distributed random variables, it is readily seen that

0 1 0 00000000
APToy= o - 1 |.B®)=| 00000000 ],
0 -6 1 00001000
100 0000 0 000
Aquf(Q): 01 0 sz (OOOO 0 000)
010 0000 -6 100
0 0
WPI0,00 = | o |, ul e, (0 :
0 0
O (6) = AP (0)is, €7 (0) = A7 (O

since Assumption 1 implies that limg, 11 E((1 — 0o n)unuij) =0, j = 2,3.
We can write the Lev sample moments and their derivatives as

YisAyio — 0yinAyio )

SOES Dy
N N ==\ yuAyis — 0yisAyis

0 0 Yi1U;2 1
1N
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+
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v Yi2Ayio
qJLv (0) = _% i]il ( )
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We can write the NL sample moment and its derivative as

NEO) = LN (yia — 0yiz) (Ayis — 0Ay;n)
Yi1Ui2
— 7N (A=0on—0-1) (1-0) 0 )| yaws |+ Gon — (o —0)(1 = O)yirun
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Under (16) and (20), these expressions are approximately equal to:
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so this implies that:

Ay =(00-1) 1-0),
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Finally, regarding AS and Sys moment conditions we simply have

Dif Dif
aro = (0:)0>’A5y5(9>< . ()92)0>’

AJ]?eU(G) AqLev(Q
Dif Di
BSys(e) — Bf (9) > BSyS(H) — ( Bq f(e) )
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B (0) By (0)
Di Di
Sys 0 2\ Mf f(970-2) Sys 0 2\ Hq f(9,0_2)
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p (0, 0%) 1" (0,0%)
Dif Dif
/ ANL(9) 0 ‘ ANL(9) £ 0
Di Di
BAS(Q) — Bf f(g) BAS( ) Bq f(g)
BNLg) )7 BN (0)
Di %
MAS(9 o?) = My f(9702) A5 (0 o?) = ﬂqD f(ev %)
! k0,02 ) y'"(8,0%)
T=5. Using similar calculations we can write:
wynum
w — wyil’“«i?m ,
wyiluM
wyiluiﬁ
-6 1 0 0 0
0o -6 1 0 0
; 0 -6 1 0 ; 0
ADZf 0) — : Dif 0, 2y ,
70 o 0 g1 | @)= 1,
0o 0 -6 1 0
0o 0 -6 1 0
1-0 0 0 0 o3
Alfev(9) = 0 1—-6 0 , w005 =1-0)| o3 |,

o O

60 —-1) 1-06 0 0 0% — 0o
ANLG — ’ ]\71/07 2 —(1—-6 3 2 )
s 0) ( 0 60-1) 1-0 o) pi @) =A=0{ 5 y

General T. We have for linear moment conditions, i.e. j = Dif, Lev, Sys, that
(60,07 = (1 - 0) (6, 0%),

with k; the number of moment conditions. Furthermore, due to linearity of the Dif, Lev and

Sys moment conditions (0, 02) and A%(#) do not depend on 6.
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Orthogonal complements of A‘;‘S (#) and AJScyS(O) for T = 4 and 5. We specify the

orthogonal complements as in (31), which we repeat here for convenience:

AJ];-(G)J_ = (G?T(H) G%,T)v

where 7" indicates the number of time periods and Gg o is such that G%IT,ugc(G, 02) = 0. This

notation is used in the proofs of subsequent theorems.
T=4. From the expressions of A;(H) and ,ugf(ﬁ, 0?) in (29), G§7T:4(9) and G‘;T:4 for j = AS,

Sys result as:
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0
0
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) Gg,yTS:4 = -1
0
0

From these expresssions it fol.lows that A;;(@)’Ly;(ﬁ,aQ) # 0, fpr j = AS, Sys.
T=5. The expressions for A%(0), u}(0,0°), G r_5(0) and Gy ;_g for j = AS, Sys are:
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0
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| 0 0 0
0o -6 0 0
0 -6 1 0 0
0 0o -6 1 0
A 0) = 0 0 -0 1 [,pu"0,0)=0-0] 0 |,
0 0o -0 1 0
1-60 0 0 0 o3
0 1-6 0 0 o3
0 0 1-6 0 o3
—(1-0) 0 0 0 0
0 —(1-6) 0 0 0
0 0 —(1-6) 0 0
0 0 0 1 0
GHos(0) = 0 0 0 LGy = -1 1 |,
0 0 0 0 -1
—0 0 0 0 0
1 -6 -6 0 0
0 1 1 0 0

From these expresssions it follows that A;(H)’Lu;(ﬁ, %) #0, for j = AS, Sys.
' The above specification of AJ}(G)L as equal to (G?T(H) : Gg’T) is such that (A‘}(H) :
Agc (0)1) is not invertible for the AS moment conditions both when 7' = 4 and 5. The invert-

ibility of (A;(H) : Agf (0) 1) is not needed for the construction of the maximal attainable power
curve. It is, however, needed for obtaining the worst case large sample distributions of the
GMM-AR, GMM-LM and KLM statistics. Instead of the current specifcation of Agc (0).1, we
then use a specification of A%(9) :

A}(0)L = (G}1(0) : Gyr)Q,
with @) an identity matrix for the Sys moment conditions and a 2 x 1 matrix for the AS

moment conditions when 7' = 4 and a 5 X 4 matrix when 7" = 5 which are such that

_ R 1 R _
Q= LmM'wmmﬁﬂrw%g@mmﬁﬂ@) =4

2,T=4
( 4

The specification of @ intends to economize on notation for the proof of Theorem 9. The

~ / ~ . . T = 5.
—((0) G2 aVrs (0G5 _4(5)) (o) GEF_aVis (0)(G 154 (0) - G;,T(?D)

proof of Theorem 9 constructs the worst case large sample distributions of the GMM-AR,
GMM-LM and KLM statistics. The specification of () stated above implies that the same

expressions can be used when these statistics use either the Sys or AS sample moments.
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Proof of Theorem 2. Since

Ayiz =
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Ayig =
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T=5, Sys:
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05(1 + 00 + 03 + 63) E((ci — (1 = 60)yin)?) + 05(60 — 1)03 + 03(6 — 1)03 + g0
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Proof of Theorem 3. The components a, b and d in (32) are all sample averages so we

can characterize their large sample behavior by

afE(a)+ \;‘le, b?E(b) \F’ d= E(d) T
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with g4, €, and g4 converging to mean zero random variables and the expressions for E(a),
E(b) and E(d), when the true value of 0 is one, are stated in Theorem 5. To determine the

appropriate rate for the local to unity asymptotics regarding 6, we insert
=1+ =
in (32) and determine the appropriate value of ¢ :

(1+ 5¢)*(E(a) + )

+ 1+ 7)) (E0) + ) + Eld) + 4

When w =0, 07 =02 and £ = 7

(1+ 22)2(Ba) + ) + (L + ) (BO) + %) + B(d) + S =
E(a) + E(b) + E(d) + f(5a+5b+5d+€2E( a))+
e (E(b)+2E( )) \/7\/7(5[]_'_25(2)_‘_ eeq _

(6a+€b+€d+€ E(a)) + (5b+2€a)+63§“

5

VN W

since E(a) + E(b) + E(d) = 0 and E(b) = —2F(a) so the appropriate specification for 6
- _e_

follows from 6 =1 + N

When w # 0, or 0?2 # 032«, for at least one ¢t # j, and £ = =

(1+ﬁ)2(E(a)+ )+ (L+ Z)(ED) + K + E(d) + & =
E(a) + E(b) + E(d) + \1ﬁ<5a+5b+5d+e(E(b)+2E( a)))+

~ (284 +ep +eE(a)) + A‘}jﬂ _

F(ca+ b+ 20— e(E(b) +2B(a) — (260 + &5 — eE(a) + 24

e

since E(a) + E(b) + E(d) = 0 but E(b) # —2E(a) so 0§ =1+ ﬁ

Proof of Theorem 4. Denote with gs7(e) the moments in (32) evaluated at 6 = 1+ %/eﬁ.
When w = 0 and o7 = 02, gy r(e) is characterized by

grr(e) = (L4 5=)%(E(a) + J5ea) + (1 + 3=) (E(D) + \}611) + E(d) +

_ 1 2 e eeq
= Jx(€atept+eat e Bla)) + am(en + 2ea) + R

€d

o

Therefore, we have

2

VNgrr(e) = ?B(a) + (a1l + 5 + S22) + (1 + 35) + 2as
and
VNgjr(e) = N(¢2E(a), B(N) Vapa B(N)),
with
B(N) = (63 @ Tppa) + 377 |2+ 775) (€13 @ Dppd) + (€23 © Ipa) |
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and Vgpg the covariance matrix of (a’ : &' : d')’, 13 a 3 x 1 dimensional vector of ones, I, .

the Pmax X pmax dimensional identity matrix, pmax equals the number of elements of a and

e1,3 and eg 3 the first and second 3 x 1 dimensional unity vectors.

N
The individual moments gs,(e) (9r7(e) = > grn(e)) can be specified as:
n=1

grn(e) = (1+ 55)%an + (1+ 55 )bn + dn
= (14 45)%E(0) +&a,] + 1+ 55 EOD) +a,] + [E(d) + £q,]
= (E(a)+ E(b) + E(d)) + 3 (2E(a) + E(b)) + 5 E(a)+

(<] 62
80,77, + Ebn + €dn + W(2€an + 6bn) + ﬁgan

e2

2
= nEa) +ea, +ep, +ea, + 35 (280, + 6b,) + J5Cans

N N N
with a = % > an, b= % zlbn, d= % Zldn, €a, = an — E(a), ep, = by — E(b), €4, =

e
dn, — E(d), so taking g; »(e) is deviation from its sample average g¢r(e) results in

970(€) = 957(€) = €ap + b, + € + 3 (280 +5,) = T((eall + F% + 5

From the above, it then straightforwardly follows that

Vag(e) = & 31 (grm(e) — gr.0(€) (grn(e) — grr(e)) = B(N) Vg B(N),

so the large sample distribution of the GMM-AR statistic is characterized by

Xz(dvpmax)a

with 0 = e*E(a) [B(N) VaaB(N)] ! E(a).

Proof of Theorem 5. When we instead of the full vector g 7(e) use a linear combination
of it, say w'gsr(e) with w an orthonormal ppax % 1 vector, the approximating distribution of
the GMM-AR statistic for testing Hg :

reads

7(e) as the moment vector

\ﬁ

Y2(e*(w'E(a)) [w' B(N) Vg B(N)w] ™ (w'E(a)), 1).

The optimal combination w is the one that leads to the largest value of the non-centrality

parameter. The non-centrality parameter can be specified as

— ’LU/ a 2
(' E(a)) [ BINY Vg BN u ™ (w'E(@)) = e B

The maximal value of B(%CEEZQE( Nw results from the largest root of the generalized eigen-

value problem
|IAB(N)'Vapg B(N) — E(a)E(a)’'| =0
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and the optimal value of w equals the eigenvector associated with the largest root. Since
E(a) is only a vector, just one root of the generalized eigenvalue problem is non-zero so it is

also the largest one. This root results from using
w=(B(N)VawaB(N))"'E(a)
and the largest root then equals
Amax = E(a)'(B(N)'VapaB(N)) ™' E(a)
so the maximal value of the non-centrality parameter is
§ = e*E(a)(B(N) VapaB(N)) " E(a) = (ea)*(2) (B(N)'Vapa B(N)) (%)
since E(a) = 0?('¢) with ¢, a p x 1 dimensional vector of ones and p the number of columns

0
of Gy (6).

Proof of Theorem 6. GMM-AR statistic To construct the worst case limiting distri-
bution of the GMM-AR statistic to test Hyg : § = 1 4+ (1/% whilst the true value of 0 equals
one, we first specify the GMM-AR statistic as

GMM-AR(e) = NfN(e)’fo(e)*lfN(e)
= |VN(hn(0o.n)Af(e) : Ap(e) 1) fa(e)

1/

- -1

(v (o) A5 (€)  Ap(e) ) V7 (e) (i (o) A () | Ag(e)y)

VN(hn(Bon)Af(e) = Ap(e) 1) fale)] -

We now determine the limit behavior of the different components under the limit sequence

in (20). The specification of As(e) | that we use is such that

Ag(e) = (Ghple) | Ghp)Q,
with @ equal to the identity matrix for the Sys moment conditions and equal to the speci-

fications stated in the proof of Theorem 4 for the AS moment conditions. The large sample

behavior of the different components of ) for the AS moment conditions are such that

G5Vrp(e)GeS ~ (; ° )B(N)VaaB(N)(; ° )

Ipmaxfp Ipmax*p
A !/
G237 Vir(e)GH5.(0) = (Ipmgxfp) B(N)'VaaB(N) (),

with p the number of columns of Gﬁ%(e) so the limit behavior of @) is

1

~ ! -1 !’ ) T - 4
Q (_<(1Pm:xp) B(N)lvade(N)(IPm:x*P ) (Ipm:xfp) B(N),Vade(N)(Ig))
n
Qj( 1/ 0 ’ , 0 n) 0 ' , 110)7 T=5
(OG0 BB @), © @) ()G, o) B VB0 () E ()

= @,
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and @ equals the identity matrix for the Sys moment conditions. Our specification of A (e) |
is such that

VNAs(e) L fnle) = @ (VNasa(e))

so using the limit behavior of v/Ng;7(e) stated in Theorem 7, we have that

€a
VNAs(e) fn(e) = Q' | %o (§) + BIN) | &

€d
The limit behavior of vV Nhy (0o n)Af(e) fn(e) accords with
VNhy (0o,5)As(e) fu(e) — Ag(e)'As(e)y,

so combining,

Ag(e) As(e)w

VNG As() AL 2 | [ e 1 vy | o
0

€d

Under mean stationarity, w = 0 and g r(e) does not depend on the initial observations ;1.

This implies that the (normalized) covariance of A¢(e) fy(e) and Ag(e)| fn(e) equals zero:
hN(eo,N)Af(e)'vff(e)Af(e)L? 0.
Under the worst case setting (20) also

Y1iWi2
hN(Go,N)QAf(6)'fo(€)Af(6)7 Ag(e) Ag(e) |limy o0 var(hn(6o,n) : )
Y1iUiT
Ag(e)'Age)
Af(~5’)/ﬂ7ff(ﬁ’)Af(e)L;> Q'B(N)'VapaB(N)Q

SO

(hn(Bo.5)Ag(e) : Ap(e) L)' Vip(e)(h(Bon)Af(e) © Afle) L) ~

Y1:Ui2
Af(e)’Af(e) limN_)oovar(hN(Hg,N) ) Af(@)lAf<€) 0
Y1:uiT

0 Q'B(N)'VapaB(N)Q
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Because Af(e) fn(e) and Af(e)’ fy(e) are uncorrelated under (20),

[(tho,N)Af(e) A5()L) Vi 1(e) (v (Bon) A (e) Af<e>l>]

is block diagonal and the limit behavior of the GMM-AR statistic consists of two components,
one resulting from the diverging part of the sample moments and one which results from the
stable/identifying part:
[V (B0 5)As(e) 1 (@) B (B0 )2 45 V(@) As (@) [VR AN (0.x) Aste) f(e)]
Y1iUi2 -
— 4 Ty oo var(hy (60,v) : )| ¥~ X*(PeMM-AR — Pmax)
Y1iUiT
i (VAL @) [Ar) @ Age ] (VR Ase)Lfv (o)
— X*(9, Pmax)
with poymm-ArR = %(T + 1)(T — 2) for the Sys moment conditions and pgarar-ar = %(T +

1)(T" —2) — 1 for the AS moment conditions and when T'=14: p = 1, pmax = 1 for AS and 2
for Sys, T =5: p =3, Pmax = b for Sys and 4 for AS and

5= ¢ 4( "' Q (Q'B(N) Vapa B(N )Q)AQ(L&D)
= elot () (B(N)VaaB(N)) " (7).

The latter result can be shown using the partitioned inverse of (B(N)'VypgB(N)) ™" since

/ (§)" (B(NY Vara B(N))~ L) =
4 () BV VasaBO) (5) — (5) BOY) Vasa BN, ° )

p IPmax —Pp

_ -1
[( O YVB(N)VapaB(N)( 0_)] 1( O_)/B(N)’Vade(N)(IOp)] Ly =

IPmax p [Pmax p Ipmax p
-1
' 1 () (B(NYVaya B(N)) ™2 M B(N)VaaB(N)) 2 (& =
Lp |:(U) ( ( ) abd ( )) (B(N) Vg B(N))~ j(lpmax p)( ( ) abd ( )) (O) tp
-1 =/,
(2)' Q (Q'B(N)Vara B(N)Q) " Q(),
which uses that @ represents a weighted regression of columns of G on Gy7(0) and the

remaining columns of Gy 1 using B(N)'VqB(N) as weight matrix. Taken alltogether, the

worst case large sample distribution of the GMM-AR  statistic test Hg: 6 = 1 + %\/N reads

GMM-AR(e) — X*(8, paMM-AR)-
GMM-LM statistic To obtain the large sample behavior of the GMM-LM statistic to test

.0 = _e_
behavior of the different components of:

(hn(Bo.n)Af(e) : Ap(e) 1) qn(e)

when 6y is one and under the limiting sequence in (20), we determine the
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for which we use the representation of gy (e).

hn(0o,n) Af(e)gn(e) : Under the worst case DGPs characterized by (20):

VR (Bo.0) As(e)ax(e) = Agle) [A,(e)+
v (B0 5V R (s e02) + Agle)n (timpy 1 B((B — 1)) + hiv(60.5) By €0 & Ap(e) Ag(e)o,

since under (20):

VN (00.3) (11g (e, ) + Ag(e)e (limgg1 E((Bo — 1)ufy))) — 0, hy(0o,n)VN — 0.

Ag¢(e) gn(e) - We distinguish between the AS and Sys moment conditions. For the Sys

moment conditions:

I S / e 2 BN
Agp(e)Lan(e) = Q < Grrle)fan(e) ) ~ Q i vn Cr(e) Ag(e)d — 50 + e

Gé,TqN(e) \/%qu

since for the Sys moment conditions G 1 Aq(e) = 0, G4 pu(e,0%) = 0, Grr(e) Ag(e)r, = 0,

Grr(e)ule,0?) = — é/eNO'ZLp and €4y = G¢(e)' By(€)¥,, and epy = Go1'By(€)),, are mean

zero normal random variables that capture the remaining random parts.

For the AS moment conditions:

1 / e 2 _ 1 _ 2 1
Af(e)lQN(@ ~ Q/ hN(90,N)\/NGf(e) Aq(e)l/J WLP [20 hmeon E((HO 1)u11)] T \/Ngaq

since for the AS moment conditions G - Aq(e) = 0, G pu(e,0%) = 0, Gyr(e) Agle)r = Tl
Gele)u(o?) = — ;%O'QLP and €49 = Gy(e)' By(e),, and epy = Gy pBy(e),, are mean zero

normal random variables that capture the remaining random parts.

Overall, we can specify A¢(e)’ gn(e) for both the AS and Sys moment conditions as

1 ' R
Ag(e) an(e) = Q' v O (&) A — gty + Jfag |

with
e= eo? Sys moment conditions
= e[20? — limg,11 E((0o — 1)u3)] AS moment conditions.
Combining:

(hn(Bon)Af(e) : Ap(e) 1) qn(e) = (hn(Bon)Ag(e) i (Grr(e) : Gor)Q) qn(e)

1
N TR 4, Y
“\ @@y [V g R
0 VN Sba
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Using that (which results from the derivations for the GMM-AR statistic)

VN ((hn(Bo,n)Ag(e) & Ap(e) L) Vig(e) (b (0o.n)Ag(e) : Af(e)L))_l(hN(eo,NZf;lf(e)  Ap(e)r) fnl(e)

Y1:Ui2
(Af(e)Ap(e))™! [limy o0 var(hy(fo,n) : )oY
N Y1iuiT ,
d ey
(@B(N)VaaB(N)Q) Q" | 02(3) + BINY | &
€4

we now construct the limit behavior of hN(007N)NqN(e)’vff(e)*lfN(e) :

hi (0o.8)Nan (€)' Vig(e) L fn(e) = hn(0o.n)VN |:(hN(90,N)Af(€) : Af(e)L)'qN(e)}

((hn(Bon)As(e)  Ap(e) 1) Vig(e)(hn(Bo.n)As(e) F Ap(e) 1) (hn(Bo.n)As(e) © Ap(e) L)' VN fn(e) ~

e) A, (e 0 |
!( hN(i(;/]\(f();?(%)({jq;lq( ) )@b—i—hN(@o,N)\/N Ql(_%\/’ﬁg%ﬁ\/—lﬁaaq) )]

1

ﬁ‘f_bi
Y1iUi2
(Af(e)’Af(e))_l limpy 0o Val"(hN(Qo’N) ) P
Y1iuiT N
€a d
(Q'B(N)Vara B(N)Q) ' Q' (6202 (%) + B(NY ( e ))
€d
! ! €a
( Gf(e) (fQ(e)w ) Q/ (Q/B(N)/Vade(N)Q)_l Q/ (6202(%’) —I—B(N)I ( £p )) —
€4
/ ! €a
( Gf(e) (;411(€)¢ ) (B(N)/Vade<N))—1 (6202(%’) +B(N)/ ( - )) ,
€d

where @ drops out for the same reason as discussed for the GMM-AR statistic. The elements
multiplied by hn(6o,n5) or hn (6o, ~)VN are under (20) of a smaller order of magnitude and

therefore drop out.
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The limit behavior of hn (6o, )?Ngn (€)' Vis(e) " tgn(e) results in a similar manner:

h (0o.n)?Nan (€)' Vis(e)tqn(e) = hn(60.5)2N [(hN(90,N)Af(€) 5 Af(e)L)'QN(G)}

((hv(Bo.n)Ag(e)  Ap(e) L)' Vig(e)(hn(Bon)Ag(e) : Ag(e) 1)) (hn(Bo.n)Af(e) : Ag(e) L) an(e)

Grley Agley \ < o o1~ Gy Agew
- < 0 ) Q (Q'B(N)VaaB(N)Q) ™~ Q ( 0 ) =
( (e Aulele ) BV Vi BN ( G0 Aulee ) |

where again @ drops out for the same reason as discussed for the GMM-AR statistic.
Combining everything, we obtain the limit behavior of the GMM-LM statistic to test

Hop:0=1+ é/eﬁ under (20):

/
GMM-LM(e) = P(B(N), ade(N))f%(Gf(e)’gxqw)w)??

with

[NIES

1~ N(e®a? (B(N)VapaB(N)) "2 (), Ipmas)

and independent from v, so

GMM-LM(e) — x*(3(¥), 1),
. Y -1 -1
with §(¢) = e*o* () (B(N) VapaB(N)) 2 B BNy Va3 (C1 @ Aate0) (B(N)'VaraB(N)) "2 ().
The simplification of the non-centrality parameter for the GMM-LM statistic when T' = 4 re-
sults since G¢(e) Aq1) is then a scalar so (Gf(e())/Aqw) = (7)Gy(e) Ag and Gf(e)' Agtp cancels

out of the expression of the non-centrality parameter.

KLM statistic. To obtain the large sample distribution of the KLM statistic to test Hg :
0=1+ %\/ﬁ when 6 is equal to one and under the limiting sequence in (20), we first determine
the behavior of

(hn(Bo,n)Af(e) & Ap(e) L) Vas(e)(hn(Bon)As(e) t Ag(e)r) .

!/

Aoy, | mava | | (Agterao
Q/(me(e)’Aq) th—>oo Var(hN(907N) : ) 0 +
° Y1l 0

(v atzame )
! Vaq,ade(N) 9 ’
0 @ (Vbq,ade(N))Q

: : ! ! . !/ \/ VA ! . 1 \/
with Vog abds Vagabd the covariance between €44 and (e), : €} : €)))" and epq and (e}, : €} : €}))

respectively.
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Combining with the limit behavior of v/N((hy(6on)Af(e) : Af(e)l)’f/ff(e)(hN(GO,N)Af(e)
F Ap(e) )" (o) Ap(e) © Ap(e) ) fx(e) -

VN((hn(Bo.n)Af(e) - Af(e) L) Vis(e)(hn(Bon)Ap(e) : Ap(e) 1) (h(Bo.n)As(e) © Ape) L) fn(e)

-1
Y1iUi2

limpy oo var(hN(Ho’N) ) @D
Y1iUiT

(Q'B(NYVaraBIN)Q) ™' Q" | 20%(g) + B(NY 6b)>

(Ap(e) Ap(e))™

=~

SO

VN (hy(Bo.n)Ag(e) © Ap(e) L) Vos(e)Vip(e) L fn(e) =
VN (hy(0o.n)As(e) i Ag(e) 1) Vor(e)(hn(Bon)As(e)  Ag(e) 1)
((hv(Bon)Af(e) : Ag(e) L) Vip(e)(hn(Bo.n)Ag(e) : Ap(e) 1) (hn(Bo,n)As(e) © Ap(e) L) fu(e)
Af( e)'Aq . 0
AN e G W ANt
)ade())Q(2()
(

e) 1)) !(
(Q'B(N (‘) + B(N

€a
Q_l ),(é‘b)).
€d

Upon combining with the limit behavior of VN (hn(6o.n)Af(e) : As(e) 1) qn(e), the conver-
gence behavior of v/N(hx(0o.n)Af(e) i Ap(e)1) Dn(e) then results as
I (60x) A (€) A0 D (e) = i { [V o) 400 Ate) ) an(e)-
VN(hy(Oon)As(e) i A "Vor(e)Vip(e)™! ~ ’
(i (B0 A5(6) A7) Do) 10| ~ (()e-+ 9ov)
— 0 €
e )
where we have rescaled since all the higher order terms have dropped out and
v=(Q (@) (@ BIN) Vaa BINQ) ' @' (5)+
Ea
Q [( N ) Q (VBN Q (Q'BINY Vara BIN)Q) ™ Q'B(N)' ( & )] :

6bq
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We obtain the limit behavior of VN Dy (e)'Vis(e)~ Dy (e) from:

VN Dy (e)Vys(e) " Dle) = [Wweww(e) % Af<e>l>'f>N<e>]
(e (Bon) Ar(e)  Ap(e) 1) V() (o) Ag(e) | Ag(e) 1))~ [W N(Bon)As(e) } Ap(e) L) D (e)
~[(D)e+ 4= }@(@( ade NQ) Q[ (p)e+ 4]
(@'B ()

— ()@ Vara BIN)Q) ™ Q' (%)

and
N Dy (€Y V55(6) i) = [V (B0 45(6) F Ar(e)1) Dale)
((hw(Bon)Ag(e) © Ap(e) 1) Vip(e)(hn(Bon)As(e) : Ap(e) 1)) VN [(hN(%,N)Af(e) tAgp(e) ) fa(e)

z[(QB(N) Vaba B(N)Q) ™ ;QI [(%?)éjL“%/NV”I

(@BOV) VB (N)Q) 2 ¢ (62“2<L5>+B<N>’(eb ))

7 (/@B VaaBN)Q) @ (62“2<L5>+B<N>’(sb ))
&d

Upon combining everything, we obtain the limit behavior of the KLM statistic to test Hg :
(20):

€
YN

KLM(e) — n'P

d (@’B(NY ade(N)Q)i%Q(bg)én

with
N((Q@B(N)VapaB(N)Q) % Q('%); Ipmas)

so since e is a scalar it cancels out and

KLM(@) 7 X2(5KLM7 1)

because
Sxrm = (o) (1)'Q (Q'B(NY ade(N) ) (Q/B(N)fvade(N)Q)‘%Q(Lg)
(Q'B(NYVapa B(N)Q) "2 Q%)
= (e0)*(3)'QQ'B(N)'VuaB(N)Q)1Q()
= (e0)*(2) (B(N)VaraB(N) 7 (2),

where the last equality has been shown for the GMM-AR statistic.
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Appendix B. Definitions

In GMM, we consider a k-dimensional vector of moment conditions, see Hansen (1982):
E[fi(00)] = 0, t=1,...,N, (43)

which are a function of observed data and the unknown parameter vector #. The moment
conditions are only satisfied at the true value of the p-dimensional vector 6, 6y, and k is at
least as large as p. We analyze the first-order autoregressive panel data model so p = 1. The

population moments in (43) are estimated using the average sample moments,
In() = § L fi(6). (44)
The k x p dimensional matrix ¢y (@) contains the derivative of fn () with respect to 6 :
av(0) = 55 () = & il ai(0), (45)

with g;(0) = 574i(0).
The two step estimator results by minimizing the objective function:

Q0,8") = N fn(0)'Vys(8") 1 (6), (46)
with V;;(6) the Eicker-White covariance matrix estimator:
Vis(0) = & TiZa(fi(0) = Iv(O)(£i(0) — fn(6))' (47)

The two step estimator, égstep, uses the one step estimator 913t8p which equals the minimizer
of (46) when we replace Vf #(6)71 by the identity matrix.
The expressions of the different statistics to test Hy : # = 6y that we use read:

1. Two step Wald statistic:
W2step(90) = N(é2step - 90),(1N(é2step)/vff(éQStep)_l(IN(éQStep)(éZ@tep - 90) (48)
2. The GMM-LM statistic of Newey and West (1987):

LM(B0) = N v (60) V15 (60) " an (60) [ (60) V1 (00) " an(00)]

k (49)
an (00)' Vi (00)~ fn (o).
3. The KLM statistic of Kleibergen (2005):
. . . . R 1
KLM(0o) = N fn(600) Vig(00)~ Dy (60) [DN(90)'fo(90)_1DN(9o)} (50)

Dn(60)' Vi (80)~" f(60),
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with Dy (6) a k x p dimensional matrix,

vec([)N(e)) = vec(gn(0)) — %f(e)fo(e)*lfN(e) (51)
and
Vor(0) = & S0 veelqi(0) — an (9))(f:(0) — fn (0))" (52)

4. The GMM extension of the Anderson-Rubin statistic, see Anderson and Rubin (1949)
and Stock and Wright (2000):

GMM-AR(0) = N fn(0)'Vis(0)~' fn(0) = Q(0,0). (53)

We use these four statistics for five different sets of moment conditions (labeled Dif,
Lev, NL, AS and Sys, see Section 2). For the Dif moment conditions in (4), kp;r equals
2(T —2)(T — 1) and the specifications of fiDif(H) and ¢~/ (6) read

)

Py = ZP7 P (o)

7 ; 7 ; (54)
g0)= 277Ny 1,
With (plsz(0> = (Aylg — HAyZQ e AyiT — HAy,-T_l)’, Ay—l,z’ = (Ayzg e AyiT—l)/ and
i1 0...0 0
0 0
zP — i1 c LT —1)(T - 2) x (T - 2). (55)
0 0...0 :
YiT—2

For the Lev moment conditions in (5), kre, equals T'— 2 while the moment functions can be
specified as

fiLev(e) — ZiLeUSOzLev(e) (56)
a’(0) = Z[y-14,

with ©F(0) = (yi3 — Oyia - . - yir — Oyir—1)', -1, = Wiz - - - yir—1)’, and
Ayio 0...0 0
Zlev = 0 0 (T —2) x (T -2). (57)
0 0...0 AyiT—l

For the NL moment conditions in (8), knr equals T — 3 while the moment functions can be
specified as
FYEO) = 2} 0)
aVHO) = ZN L),

(2

(58)
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with QOZNL (9) = (ui4(ui3 — uig) .. uiT(uiT,l — uiT,Q)/ and

0...0 0
o |:(T—=3)x(T-3). (59)
0...0 1

The specification of the moment functions for the AS moment conditions results by stacking
the moment conditions in (54) and (58) so kag equals (T —1)(T'—2)+T—3. The specification
of the Sys moment conditions results by stacking the moment conditions in (54) and (56) so
ksys equals 3(T 4+ 1)(T — 2).
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