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Abstract

An analytical expression is obtained for the optimal weighting matrix for the
generalized method of moments system estimator (GMMSs) in the dynamic panel
data model with predetermined regressors, individual effect stationarity of all vari-
ables, homoskedasticity and cross-section independence. As yet such an expression
had not been obtained. Therefore GMMs has always been applied by first using
some simple form of sub-optimal weighting matrix in 1-step GMMs, after which as-
ymptotically efficient 2-step GMMSs can be obtained in the usual way. The optimal
weighting matrix is found to depend on unobservable model and data parame-
ters, so asymptotically efficient 1-step GMMs is not operational. However, next to
the few suboptimal naive 1-step GMMs weighting matrices presently in use, the
expression for the optimal weighting matrix suggests alternative feasible more so-
phisticated GMMs implementations, including a point-optimal weighting matrix.
In Monte Carlo experiments we analyse and compare some of these and find that
2-step GMMs is rather sensitive to the initial choice of weighting matrix in mod-
erately large samples. Some guidelines are given for choosing weights in order to
reduce the mean (squared) estimation errors.
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1 Introduction

To achieve asymptotic efficiency in GMM (generalized method of moments) estimation
when there are more moment restrictions than parameters to be estimated, the sample
moment conditions are minimized in a quadratic form that entails a weighting matrix
that has a probability limit which is proportional to the inverse of the variance of the
limiting distribution of the orthogonality condition vector. In many circumstances this
variance is hard to derive and it may depend on nuisance parameters. Dynamic panel data
models with unobserved individual effects are often estimated by GMM, and when the
cross-sections are independent and homoskedastic the optimal weighting matrix for the
linear moment conditions is well-known and not determined by nuisance parameters, see
Arellano and Bond (1991). However, it has been observed that this estimator may suffer
from serious bias in moderately large samples and it has been suggested that exploiting
additional moment conditions that build on stationarity assumptions in a so-called GMM
system estimator (GMMs) yields much better results. This estimator, put forward by
Arellano and Bover (1995) and Blundell and Bond (1998), is called a system estimator
because it simultaneously exploits moment conditions for the dynamic panel data model
in levels and in its first-differenced form. Up to date the optimal weighting matrix for
this estimator had not been derived so that even under very strict assumptions GMMs
has to be employed in a 2-step procedure in which an empirical assessment of the optimal
weights is used that is based on consistent 1-step GMMs estimates that are obtained from
an operational but suboptimal weighting matrix.

In this paper we derive the optimal GMMs weighting matrix for the dynamic panel
data model with both a lagged dependent variable regressor and an arbitrary number of
further predetermined regressors, where both the dependent variable and the regression
variables are effect stationary. This means that their correlation with the unobserved
heterogeneity (the individual effects) is time-invariant. For many elements of the GMMs
orthogonality condition vector it is extremely difficult to derive their covariance, which
complicates the assessment of the optimal weighting matrix. However, we show that
asymptotically equivalent results are obtained by deriving a conditional covariance, and
that different conditioning sets may be used for the various elements of the variance
matrix. By choosing for all the various types of elements in the variance matrix of the
orthogonality conditions a conditioning set that leads to rather straightforward expres-
sions for their conditional variance we are able to obtain an explicit expression for the
asymptotically optimal weighting matrix. This matrix is shown to depend on all the ob-
served instrumental variables and also on the unknown values of the covariance between
the regressors and the individual effects, as well as on the unknown covariance between
current regressors and lagged disturbances, i.e. on the pattern in the feedback mechanism
of current disturbances into future observations of the regressors.

Due to the dependence on nuisance parameters asymptotically efficient 1-step GMMs
is unfeasible, although a better founded initial choice of weighting matrix is possible
now. At least a choice better than those currently in use, which are based either on the
usually wrong assumption that the individual effects have zero variance, or on taking as
weighting matrix the inverse of the sample moment matrix of the instrumental variables,
i.e. wrongly assuming that the disturbances of the system are i.i.d. and therefore applying
GIV (generalized instrumental variables), which in this model is clearly far from optimal.
An alternative approach regarding improving the quality of weighting matrices can be
found in Doran and Schmidt (2005).



In Monte Carlo experiments [in the present version of the paper we just simulated the
autoregressive model without further predetermined regressors| we compare the results
obtained by employing the initial weighting matrices presently in use, and by exploiting
some new operational forms inspired by the optimal matrix. We find that 2-step GMMs
is rather sensitive to the initial choice of weighting matrix in moderately large samples.
As a yardstick we also present results obtained by the in practice unfeasible 1-step GMMs
estimator that uses (or is inspired by) the optimal weights. Some guidelines, including a
point-optimal version of the weighting matrix, are given for choosing the weights in order
to reduce the mean (squared) estimation errors.

The paper is structured as follows. In Section 2 we introduce our notation, state
the model assumptions, review some general GMM results for panels, present the GMMs
estimator and the various forms of suboptimal weighting matrix that have been suggested
in the literature. Section 3 contains our main analytical results regarding the derivation
of the optimal weighting matrix. Next, in Section 4, we present the Monte Carlo design
that we used and describe our simulation findings. Finally, Section 5 concludes.

2 Standard and system GMM for dynamic panels

In this section we introduce the linear first-order dynamic panel data model with ran-
dom individual effects and an arbitrary number of further regressors. All regressors are
assumed to be predetermined with respect to the homoskedastic and serially and con-
temporaneously uncorrelated idiosyncratic disturbance terms. From the various model
assumptions the linear orthogonality conditions are derived that are exploited in what
we will address as the standard GMM estimator, see Arellano and Bond (1991). We pay
extra attention to an additional model assumption that we will call effect stationarity.
This, when valid, gives rise to additional linear orthogonality conditions, which can be
exploited in the system GMM estimator (GMMs), see Blundell and Bond (1998), who
considered this estimator in the pure autoregressive case. Generic results are obtained for
1-step and 2-step estimation that cover both the standard and the system GMM panel
data situation. This provides the setting from which we can embark on the derivation of
the optimal weighting matrix for GMMs.

2.1 Model assumptions

We consider the linear dynamic panel data model

Yit = VYit—1 + 0+ n; + e, (1)

where z;; and [ are K x 1 vectors and ¢ = 1,..., N refers to the cross-sections and
t = 1,...,T to the time-periods. We suppose that we have a balanced panel data set;
hence, if x;; happens to contain also the first lag of all current explanatory variables then
both the dependent and the other individual explanatory variables should have been
observed for the time-indices {0, ..., T} for all cross-section units. Below we shall use the

notation i1
T ;ﬁjo,...,yi,t—l) } t=1,..,T,

Xt = (28, .0, )



where y/ ™! is 1 x t and X! is 1 x tK. We also define
i Xi M

o XtE s s |
un' XN NN
where nis N x 1, Y 1is N x t and X' is N x tK.

Regarding the two random error components 7, and €; in model (1) we make the
assumptions (i,7 =1,...,N; t,s =1,...,T):

E(ey | Y1, Xt n) =0, Vi, t

E(eg | YL X ) =02 >0, Vit )
E(epejs | YL X0 n) =0, VE <s, Vi,jand Vi # j, Vt < s (2)
E(n;) =0, E(n}) =0, >0, E(nn;) =0Vi#j

These assumptions entail that all regressors are predetermined with respect to the idio-
syncratic disturbances €;;, which are homoskedastic and serially and contemporaneously
uncorrelated. In fact, we assume that all cross-section units are independent.

Additional assumptions that may be made — and which are crucial when the GMMs
estimator is employed — involve

E(yun;) = oyy and E(xyn;) = 04y, Vi, t. (3)

yi-l =

Here o, is a scalar and o, is a K x 1 vector. Note that both o, and o, are assumed to
be time-invariant. By multiplying the model equation (1) by 7, and taking expectations
we find that (3) implies
Oyn = VOyn + OB+ 0%

or / )

oy = Z0 T )

L—n

This condition we will call for obvious reasons effect-stationarity.

2.2 Moment conditions

By taking first-differences the model simplifies in the sense that only one unobservable
error component remains. Estimating

Ay = YAy 1 + (Azy)' B + Aey (5)
by OLS would yield inconsistent estimators! because

E(Ayii1Acy) = —E(Yiy-16i-1) = —02 # 0.

Unless 0 would be known this moment condition cannot directly be exploited in a

method of moments estimator. Note, however, that it easily follows from the model
assumptions (2) that for i = 1,..., N we have

E(Yt_QAEZ‘t> =0 .

'Note that in the (habitual) case where x;; contains a unit element and 3 an intercept this model
has no longer K + 1 unknown coefficients. In the analysis that follows we neglect that situation, but it
is reasonably straigtforward to adapt the results (mainly the dimensions of matrices) for models with an
intercept.



which together provide (K + 1)NT(T — 1)/2 moment conditions? for estimating just
K +1 coefficients. Especially when the cross-section units are independent many of these
conditions will produce weak or completely ineffective instruments. Then it will be more
appropriate to exploit just the (K + 1)T(T — 1)/2 moment conditions

E(y; " Aeiy) = 0' _
E(X A — t=2,..T,

as is done in the Arellano-Bond (1991) estimator. Upon substituting (5) for Ae;; it is
obvious that these moment conditions are linear in the unknown coefficients v and g, i.e.

E{y [y —7Ays1 — (Az) B} = 0 } t=2,..T (6)
E{X! Ay — Ay — (Azy)' B} = 0 Y

Blundell and Bond (1998) argue that assumption (3), when valid, may yield relatively
strong additional useful instruments for estimating the undifferenced equation (1). These
additional instruments are the first-differenced variables. Defining

Ayt = (Ayiny oo, Ayiga) B
AXE = (Adly, ., Nay) [ T 20T

which are 1 x (t—1) and 1 x (¢t —1) K respectively, it follows from (3) that (fori = 1,..., N)
E(Ay;'n;) = 0 and BE(AX{n;) = 0.

From (2) we find
E(Ay; 'ey) =0 and E(AXey) = 0.

Combining these and substituting 1, +e;: = yir —7yi1—1 — 2}, yields the (K +1)T(T'—1)/2
linear moment conditions

E[Ayf—l(yit — i1 — T, B)] = O -
E[AXit(yit — VYit—1 — x;tﬁ)] =0 t=2..T. (7)

These can be transformed linearly into two subsets of (K + 1)(7"— 1) and (K + 1)(7' —
1)(T — 2)/2 conditions respectively, viz.

E[Ayi 1 (yie — Vi1 — 23, 8)] =0 }
, ’ ' t=2,..,T, 8
E[AZ (yit — VYiz—1 — 23, 8)] =0 (8)

and

T S WP
E{AXf[Ayit - VAyi,t_l — (Aﬂfit)lﬁ]} =0 s ey .

The second subset (9), though, can also be obtained by a simple linear transformation of
(6). Hence, effect stationarity only leads to the (K +1)(7'— 1) additional linear moment
conditions (8). These involve estimation of the undifferenced model (1) by employing all
the first-differenced regressor variables as instruments.

Due to the i.i.d. assumption regarding ¢;; further (non-linear) moment conditions do
hold in the present dynamic panel data model, see Ahn and Schmidt (1995, 1997), but
below we will stick to the linear conditions mentioned above.

2There would in fact be fewer unique moment conditions if the model includes an intercept, indicator
or dymmy variables or particular regressors in combination with their lags. In what follows we will not
take this into account, so that in actual applications of our results adaptations will have to be made.



2.3 Generic results for 1-step and 2-step panel GMM

Both the standard GMM and the system estimator GMMs fit into the following simple
generic setup. After appropriate manipulation (transformation and stacking) of the panel
data observations one has

yr =X +el, i=1,.. N, (10)

where y; and €] are 7™ x 1 vectors and the 7™ x K™ matrix X contains all regressor
variables (including transformations of the lagged-dependent variable). The K* x 1 vector
5% of coefficients is estimated by employing L* > K* moment conditions that hold for
alli=1,...,N, viz.

E1Z(yi = XiB7)] =0, (11)
where Z is T* x L*. The GMM estimator using the L* x L* semi-positive definite
weighting matrix W* is obtained by minimizing a quadratic form, viz.

¥ . N /[ % * 0% , * N /[ % * 0%
By —argmin (3 200 - X000 ) we (L 200 - X290). (2

Assuming that X*Z*W*Z* X* has rank K* with probability 1 a unique minimum exists
which yields
B*W* _ (X*IZ*W*Z*/X*)—1X*/Z*W*Z*/ *’ (13)

where y* = (y{',...,yN), X* = (X{,.., X)) and Z* = (Z7, ..., Z%) . Tt is obvious that
B:V is invariant for the scale of W*. Below, when useful, we will implicitly assume that
scaling took place such that W* = O,(1).

We only consider cases where convenient regularity conditions hold, including the
existence with full column rank (for N — o0) of plim N7'Z*X* plim N~'Z*Z* and
plim N72X*¥ Z*W*Z* X*. According to (11) the instruments are valid, thus

11\)71_1)1210 N > Zi'e; =0

and B;V* is consistent. Since the cross-section units are assumed to be independent the
CLT (central limit theorem) yields

1 N 1 N
— Z*, ¥ N *l gk h [ — li -— Z*/ * s 14
\/szzl Het — N(0,Vzwer), where Vy Nlianizlear( Her) (14)
from which we obtain
VN(@By = 8;) — N(0,Vy;.), with (15)
VB;{/* = A*VZ*’g*A*,7 A* = phm[N<X*/Z*W*Z*/X*>71X*/Z*W*]

The asymptotically efficient GMM estimator in the class of estimators exploiting in-
struments Z* is obtained if W* is chosen such?® that, after appropriate scaling, it has
probability limit proportional to the inverse of the variance matrix of the limiting dis-
tribution of N—1/2 Zi\; Z¥'er Hence, optimality is attained by using a weighting matrix

WPt such that
N

WP o (Z Var(Z;"s;!‘)) B . (16)

=1

3see Hansen (1982) and, in the context of dynamic panel data, Arellano (2003) and Baltagi (2005).
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When W is known the asymptotically efficient GMM estimator is self-evidently given
by
B*Wom _ (X*/Z*Woptz*lX*)le*/Z* Wort 7+ *’

and

VN By = 8) = N 0,V

W opt*

) Cwith Vi = [plim N73(X "2V, 27 X)) .
(17)

For the special case £}, | Z ~ 1.1.d.(0,0%.), where Z* contains the first ¢ rows of
Z*, one ﬁnds Var(Z{'er) = 0% E(ZZ?) and hence asymptotic efficiency is achieved by
taklng W = (Z*7Z*)~', which yields the familiar 2SLS or GIV result

Bary = [X* Pz X* 7L X" Pyey?, (18)

where Py« = Z*(Z*7Z*)~1Z*. In case K* = L* this specializes to the simple instrumental
variable estimator

B;V _ (Z*/X*>—1Z*/ * (19)
If matrix W is not directly available then one may use some arbitrary initial Welght—
ing matrix W* that produces a consistent (though inefficient) 1-step GMM estimator BW*,

and then exploit the 1-step residuals &7 to construct the empirical weighting matrix W*
where

& = v —X{Bw,

Ti7r N I~k Akl 7k —1

W= (301 Z7EEZ))
yielding the 2-step GMM estimator

B%{?* — (X*IZ*/W*Z*IX*)—lX*IZ*W*Z*/y* (20)
Estimator 5’%7 is asymptotically equivalent to B*Wopt, and hence it is efficient in the class of
estimators exploiting instruments Z*. For inference purposes one uses the approximation
sx g

B & N (5*, (X*’Z*’W*Z*’X*)—l) . (21)

Note that, provided the moment conditions are valid, BZ ;v 1s consistent thus could
be employed as a 1-step GMM estimator. When K* = L* using a weighting matrix for
the orthogonality conditions is redundant, because the criterion function (12) will be zero
for any W*, as all moment conditions can then be imposed on the sample observations.

2.4 Implementation of ordinary and system GMM
In case of the Arellano-Bond ordinary GMM estimator the above generic setup involves
Ayia AP Ayiy Az,
Yi = S : and X7 = : S (22)
Ayir Agir Ayir1 Az

hence T* = T — 1. When there is an intercept in S and corresponding unit value in z;
(which vanishes after first-differencing) we have K* = K, otherwise K* = K + 1 and

7



B* = (v,8'). From (6) it follows that L* = (K + 1)T(T — 1)/2 and the T* x L* matrix
Z? is taken to be
y? O/ 0/ Xil O/ 0/
=10 > 0 o0 . o0 | (23)
0 0 y"TfQ 0 0 X'Tfl
Since E(AegyAe;—1) # 0 the €, are not i.i.d., thus the GIV estimator is not efficient. It
can be derived that for the ordinary GMM estimator

N —1
twgu(ZQﬁ%wzw) (24)
=1
with (7" — 1) x (T' — 1) matrix
2 —1 0 0 7
-1 2 -1
H=| 0 -1 2 0 (25)
. B
|0 0 -1 2 |

So, under our strong assumptions regarding homoskedasticity and independence of the
idiosyncratic disturbances ¢;; 1-step ordinary GMM employing (24) is asymptotically
efficient within the class of estimators exploiting the instruments Z2.

In case of GMMs we have K* = K + 1, 8* = (v, ') and T* = 2(T — 1) with

Ayjo A [ Ay Axzy ]
) ) . !
= | S =] A0 [ anaxg = | B S (o)
Yi2 1; + €i2 Yi1 Lo
Yir n; + &ir | Yir-1 Tip

and from (6) and (??) it follows that L* = (K +1)(7 — 1)(T + 2)/2 whereas the 7™ x L*
matrix Z; = ZPB is

Z;“B 0o ... 0 o ... O
0 Ay 0 0 A:c; 0 0
7 B . . (27)

0’ 0 0 Ayir—1 O 0" Ay

Note that E[(Aey)?] = 20?2 differs from E[(ey + 1;)?] = 02 + 02 when o7 # 02, and
for t # s we find E[(ei + n;)(€is +1;)] = 02 > 0. Thus, again it does not hold here that
e | 2 ~ 1.1.d.(0,0%), so GIV is not efficient. However, here an appropriate weighting
matrix is not readily available due to the complexity of Var(Z;c}).



2.5 Weighting matrices in use for 1-step GMMs

To date the GMMs optimal weighting matrix has only been obtained for the no individual
effects case o7 = 0 by Windmeijer (2000), who presents

N -1
WEY o (zwa)'DFWZFB) (29)
=1
with
H C
FW __ 1
where C} is the (T'— 1) x (7' — 1) matrix
[ 1 0 0 0]
-1 1 0
Ci=1 0 -1 1 0 (30)
0
0 0 -1 1

Blundell, Bond and Windmeijer (2000, footnote 11), and Doornik et al. (2002, p.9)
in the computer program DPD, use in 1-step GMMs the operational weighting matrix

N —1
WEEP o (S (2Pey DTz (31)

=1

with

DPD __ H O
pro - (10 ) ®

The motivation for that is unclear. The block diagonality of DPPP does not lead to
an interesting reduction of computational requirements, and there is no special situation
(not even o2 = 0) for which these weights are optimal.

Blundell and Bond (1998) did use (see page 130, 7 lines from bottom) in their first
step of 2-step GMMs

Ir_q

Ir—1 O
DEV = ( OT ! ) = Iy o, (33)

which yields the simple GIV estimator. This, as we already indicated, is certainly not
optimal either, but is easy and could perhaps suit well as first step in a 2-step procedure.
Blundell and Bond (1998) mention that, in most of the cases they examined, 2-step
and 1-step GMMs gave similar results, suggesting that the weighting matrix to be used
in combination with ZZ8 seems of minor concern under homoskedasticity. However in
Kiviet (2007), in less restrained simulation experiments, it is demonstrated that different
initial weighting matrices can lead to huge differences in the performance of 1-step and
2-step GMMs. There it is argued that a better (though yet suboptimal and unfeasible)
weighting matrix would be

02/02 N 2,2 -1
Wit o (Z(ZFB)’D“"/“E ZfB) | (34)

i=1



with

2o H C
Do/ = ( ) : (35)

2
! g I
C IT,1 + U—ngfleil

This can be made operational by choosing some value for 0727 /o?. From the simulations
it follows that this value should not be chosen too low, and reasonably satisfying results
were obtained by choosing o7 /02 = 10.

3 The optimal weighting matrix for GMMs

The obtain the optimal weighting matrix W of (16) for the generic model (10) one has
to consider the matrices
Qi =Z"eiel 7}

and, ideally, evaluate
B(Q) = B(Z177) = Var(Z'<?).

Denoting the typical element of the L* x L* matrix @); by ¢;m, where [,m = 1,...,L*,
and defining

qzlm = Eg(Qi,lm),
where F, denotes expectation conditional on information available at time-period s, we
have, by the LIE (law of iterated expectations),

E(@ 1) = E(iam) = [Var(Z7€})|m (36)
and by the LLN (law of large numbers)
N N 1 N
plim 3 @, = Jim - 2 E@) = Jim 5 SVar(Ze (7)

Hence, N~} sz\il q; 1, has probability limit equal to the corresponding element of the co-
variance matrix of the limiting distribution of N=/2 "% | Z*e* So, we do not necessarily
have to evaluate E(g;m); finding G, for a convenient s and calculating N~ Sy @ 1m
foralll,m =1, ..., L* suffices for the present purpose. Of course, other types of condition-
ing sets are allowed too, and different conditioning sets may be used for the individual
elements g; ;, of (;, and even for separate components of these individual elements. Since
a GMM estimator is invariant to the scale of the weighting matrix we may multiply all
elements by N/o?, and thus W can be obtained by inverting the matrix that has
clements 0-2 3", @ 1

3.1 Ordinary GMM

We first derive formally (most published earlier derivations are rather sketchy) the well-
known optimal weighting matrix W%, given in (23), to be used when the instruments
ZAB given in (23), are employed in model (5). In this case Z'efe}’ Z* consists of com-
ponents which are of the following four forms: (y! 2)'Aey Ay 2, (v ) AeyAeis X771,
(XYY AeyAeiys ™2, or (XYY AeyAei X1 where t,s = 2, ..., T. Because of the sym-
metry of Z}'efe Z* we only have to consider components for ¢ > s.

10



We find for ¢t > s+ 1

Et 2[( )AgztAgzsy ] (yz_ ) 2A515Et 2<A5zt)
Et—Q[(yz )AeztAgstZS 1] ( )XS 1A523Et 2(A€

= O
1) =
EJ(XIYY AeyAeiyi ™2 = Aew E (XY Aeylys 2 = 0,

EJ(XIY AeyAei  XF = Aei  EJ[(X! 1) Aeyy ]Xs '=0.
For s =t — 1 we obtain
Et—z[@f 2) AgitAé“i,t—lyf_g] = (?Jf_ )/ . 3[Et 2(A5zt5m 1) —&it— o by 2(A5zt)] = ?(yl )/yf 3a
Et—2[< f 2) AgztAElt 1Xt_2] ( )Xt 2Et Q(AE’LtAel,t—l) = —0 ( )Xt 2
Ey 3[(X 1) AciAe; ;- 1Z/z - ’ Xf 1] (Xt 1)/ 73E[AfztA51t 1| Xt 1] = E(Xffl)'yf i
t—

E[(XIYY AeyAe; 1Xt 2| X = (XY XEPE(AeyAeiy | Xt h = o—g(Xﬁl)Xf 2

because E(AeyAei -1 | X[71) = E(eqein-1— €y — €ulip—2 +Eip1Eig—2 | X[ ) = —02,
since for j = 1,2 we find E(eyeis; | XI) = E[E1(cucirj | X[ = Eleis—jEr1(cit |
Xf 1)] =0 and E(€z,t—1€z,t—2 | X,t 1) Et—2[E(€z,t—1€z,t—2 | Xf 1)] Et—25z,t—2[E(5z,t—1 |
X)) =0, whereas E(e?,_, | X!™') = 0. Finally, for s =t = 2,..., T, we get

Eyo[(y;2) (Aein)?y; %) = (yf) i, Erol(Aca)?] = 202y ") i,

Evaf(y; 2)'(A6n)2Xt =202y )X

By (X1 (D)2~ | X171 = (X0 yl B l(Aea)? | X7 = 202(X Y2
BI(X! Y2z P X! | X1 = 202 (X1 X

Collecting from the above all elements 0.2 3" | 7,,., we obtain | ZAP'HZAP.

Hence, its inverse (24) is proportional to the optimal weighting matrix Wjﬂ’; when &; ~
i.i.d.(0,0%Ir) for all 3.

3.2 System GMM

For GMMs, where the instruments ZP? given in (27) are applied to the system (10) with
hybrid disturbances as in (26), the derivation of an optimal weighting matrix W is
much more involved, because the various components of Z*cfc¥ Z* are of a very different
nature. The elements associated with Ae;Ae;s yield results equivalent to those just
obtained. Of the additional components we first examine those that involve Ae (1, +¢€;5),
viz. (yi72) Aey(n; +eis) Ayis—1, (XY A (0 +€i6) Ayis—1, (y172) Aeir(n; +€45) A, and
(XYY Agyy(n;+eis) Azl Next we will examine components that involve (1,4€:)(1;+¢€is),
viz. Ayi1(n; + i) (0; + €is) AYis—1, Ayir—1(n; + i) (n; + €i5) A, the transpose of the
latter, and finally Az (n;+€i) (0, +eis) Azl,. We examine these eight types of components
successively, for ¢, s = 2, ..., T, upon assuming effect stationarity, which implies (3).
The first component can be decomposed into two contributions, viz.

(yf_Q),Agit(ni + 5is)Ayi,s—1 - 7] ( ) Ayz s— 1A€zt + ( ) Ayz s— I(Agzt)gzs
For t = s we find for these

En(yi ) Ayiy1Aey] = —E[m(yf_Z)'Ayi,t—vfi,t—l] = —020yyl41
El(y H)’Aym (Acin)ewn] = B [(yl ) Ay, 1(A5it)51t]
=0 ( ),Ayzt 1[Et 1(5t)_5t 1B 1(&)] =0 ( )Ayzt 1,

11



for s =t — 1 they give

Et—2[ni(yf_QyAyi,t—QAgz‘t] =0
Et*2[(y§_2),Ayi,t72(Agit)gi,tfl] - —Oz(yf_2)’Ayi,t,2,

for s <t —1 we find
Es[(yf_Q)/AEit(m + Ez‘s)Ayi,s—l] =0,

and for s =t + 1 we obtain

Eni(y; ) AyaAey] = E(Ayiley)oynie—
E(yi%) Ayi(Aeir)ei ] = 0.

Substituting (5) and using the notation
Ope; = E(xyer—y), for j=...,—-1,0,1,2, ...,
where 0,. ; = 0 for 7 <0, we find
E(AyiAcy) = YE(Ayi10cy) + ElAei(Ary)' |8 + E[(Aci)?

= —YE(Yi1-16i1-1) — 0pe 1B+ 202
= (2-7)02 = 0B,

thus
En(y; ) Ayalei] = oy[(2 = )02 — ol 1 Blua.
Now for s >t + 1 we find
El(yi ) Ney(n; + €is) Ayis1] = Byl ) AeAy; 1]
= Uynbt—lE(Ayi,s—1A€it)

= OypTls—t—1lt—1,

where
7; = E(Ay;4jAe;), for j > 0.

We already found g = (2 — 7)o? — 0/, , 3, and further obtain

T = E(Ayiz1Aci)
= VE(AyiAci) + E[Aeiy(Azip41)]8 + E[(Agipi1) (Aei)]
= mo + 20;5,16 - 0;6,2/6 - 0'3
= [(2 - 7)0;:5,1 - 0-23572]/8 - (1 - 7)2057

whereas for j > 1

Ty = E(Ayi,t+jA5it)
= YE(AYirrj-18ei) + E[Aciy(Azipy ;)8 + E[(Acip)) (Acyy)]

— / ! !/
= Tj-1 + (QUxE,j ~ Ogej+1 — O-xa,jfl)ﬁ'
For the second component we obtain

(Xf_l)/Afit(m + 5z‘s)Ayz‘,s—1 = ni(Xf_l),A&tAyi,s—l + (Xf_l),(AEit)eisAyi,s—l-
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For s =t we find

E[m(Xf_l)/ASitAyi,t—ﬂ = —02u_1 ® 0y
E (XY (Aei)ealyii—1] = o2(X) Ayigon,

fors=t—1

En (XY AeiAyi -] =0
E't—2[(Xit_l)/(Agit)5i7t—1Ayi,t—2 | X7 = —U?(Xit_l)’Ayi,t_Q,
fors<t—1
E[(Xz?il)/Agit(ni + gis)Ayi,sfl] = 0;
fors=t+1

Eln (X! Aeuyig) = [(2 = 7)02 — 0% 18141 ® 0y
Et[(Xgﬁl),(Agit)gi,tJrlAyi,t] =0,

and for s >t +1

Bl(X{Y) Aci(n; + €is) Ayis] = E[n(X;") AciAyi s 1]
= E(A&'itAyi,sfl)[/tfl ® Oxn

Ms—t—1bt—1 & Ozn-

The third component is

() D1 + ) Ay = 0yl DAl + (572 (A )eia A

For s =t we find for the first term
ni(y; ) Aewlagy = n;(y;*) Aeaaryy — 0y %) Dewayy,
where the second sub-term has expectation zero and the first yields
Eln,(y; %) Aeualy] = “Oynlt— 1gxa 15
and for the second term we find

(yi ) (Aei)eunAay, = (i) eh Ay, — (yi~ Q)IEit€i7t_1Ax;vt_1’

Z

where the second sub-term has expectation zero and the first yields
Et—l[(y}i:_ ) Eztszt | xlt] =0 ( ) szt
For s =t — 1 we find

Eln(y: %) AeyAal, 4] =0
Eo[(yi?) (Aen)ei1 AT,y | miy1] = —02(yl?) Adh,_y,

fors<t—1
El(yi7?) Aey(n; + eis) Axly] = 0,
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fors=t+1
E[m@f_Q)IAgitAm;,tH] = Uynbt—lE(AgitAx;,tH)
UynbtflE@itxg,tH - 5i,tflx§,t+1 — €Ty + 5i,tflxgt)
O—yﬁbtfl(Qagca,l - 025,2)
Ei((y %) (Aew)eim Ay, ] = 0,

and for s > ¢+ 1
t—2\/ / / / ! /
En(y; =) AeyAry,] = Uynbt—1E<5itxis — Eit—1Tis — Eitly g T 5i,t—11’z‘,371)

= oy1(20° — 0o —o )
- yntt—1 re,5—1 re,s—t+1 re,s—t—1

E[(y; %) Aeu(eis)Axy] = 0.
The fourth component is
(Xf_l)lAgit(m + gis)Ax;s = ni(X;_l)/AgitAx;s + (X;_l)/(Agit)gisA*rgs'

For t = s we find
E[ni(Xit_l)/AgitAfE;t] = (41 ® an)al

ze, 1)

and since
(XY (Aey)eulal, = (X1 el Axy, — (X1 enes i1 Ay,

we also have
E[(X'til)IE?tAx;t ’ th] = 02<X2¢71)/A$;t

)

Et,1 [(Xitil),&fité?i’t,lAﬂf;t] = 0.

Fors=t—-1
E[nz’(Xf_l)/AgitA$at—1] =0
E[(XIY (Aew)eigaAa, o | X7 = —o2(X]1 Axf,
fors<t—1
E[ni(X; 1) AeyAzi] = O
E[(X!Y) (Aey)eiAxl] = O,
fors=t+1

Eln(X;71) Deulaly ] = (-1 ® 00y E(DeiAy )
= (2051 = Ohen)li-1 ® Ouy

Et[(Xf_l),(Asit)%tﬂAf;,tH] = 0,
and for s >t +1

E[ni<Xf_1)/A€itAm;s] = (20-;5,3—15 - O-;:E,s—t—s—l - Jlme,s—t—l)Lt—l ® Oy
E[(XINY Acy(eis) At = O.

Next we commence with the second group of four components. The fifth,
Ayii1(n; + €a) (0 + €i5) A1 = Ayig 1 Ayi s 1 [17 + 05(E0 + €3s) + €ucis],
is symmetric in s and ¢. Just examining ¢t > s we find

E[Ayi,t—lAyi,s—ﬂﬁ | Ayz‘,t—bAyi,s—ﬂ = U%Ayi,t—lAyi,s—l
E[AY; -1AY; s—1m;(€it + €i5)] = 0.
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For Ay, ;—1Ay; s—1€i€is we find when s =t
21 2 2
Et—l[Ayi,t—lAyi,t—ﬁit] = UE(A?/z‘,t—l)

and for s < t
Ei 1[Ayi1—161€isAYis—1] = 0.

The sixth and seventh component follow from
Ay 1A}, [77? + (it + €is) + EitCis)

where
E[n?Ayi7t_1Ax;s | Ayi,t—la AI;S] = U%Ayi,t—lAl';S

En(ei + €is) Ayig1 Az, = 0,
and regarding e;,6,,Ay; 1Az}, we find, for t = s
Etfl[gftAyi,tfle;t | Axit] = Uszi,tflAmgta
fort > s
Etﬂ[&tEmAyz‘,plA%;s] = 0/’

and for s >t
Esfl[gitgisAyi,tflegs | A%‘s} =0

The eighth and final component is again symmetric in ¢ and s. From
Azy(en +m;) (Eis + i) Axiy = Awg Aai[nf +mi(eie + €is) + cuis),
we find
ElAzyAzi o} | Axy, Axj] = o) Ay Az,
ElAzyAzin(eu + €is)] = O,

and for t = s
E[AvyArie? | Avy) = o2 Awy A,

while for s < t
Et—l[AxitAl{isgitgis] = 0.

Collecting all the above results and taking for all elements o> Zf\il q; 1m» We find for
the GMMs estimator that exploits 2N (7" — 1) x L* instrument matrix Z B5 and has the
disturbances given in (26) that the optimal weighting matrix is given by

Wik o [Z8P(Iy @ DI ZPP + NDgP (40)

where D" is the 2(T — 1) x 2(T — 1) matrix

opt H
D" = o2 , (41)

! /
Cl ]T—l + ébT—le—l

with Cy the (T — 1) x (T — 1) matrix given in (30), and hence D?" = D77/ given in
(35), and DY is the L* x L* matrix

1 o
opt 2
D2 - ( CZI O > ) (42)

52
UE
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with Cy the (K + 1)T(T —1)/2 x (K + 1)(T — 1) matrix
Co=(Cn Cyp), (43)
with Cy; the (K 4+ 1)T(T — 1)/2 x (T — 1) matrix

—O'ngO'y77 Tol10yy T1lL10yy cee e Tr—3L10yy
0 —02150y, TolaTyn cee e Tr_4la0yn
0 0 —02130,,
0
71'OéTfQO'yn
Cyy = , 0 0 0 .- 0 —OZr_10yy (a)
—0Zl1 Q Oy Tol1 & Oz Tl & Ogy s Tp_3ll @ Oy
0 —ang Q Opy  Tolz @ Ogy cee o Tr_gly @ Ogy
0 0 —0213 ® Oy
0
: . .. o Tolr—2 & Ogy
i 0 0 0 0 —U?LT,1®OI77 ]
and Coy the (K + 1)T(T —1)/2 x K(T — 1) matrix which is
[ _Llayno-;e,l 7TOblayn‘?gcs,l WlLlUyn5§cs,2 Tt 7TT—3L10yn5;lzs,T—1 ]
O _L20yn‘7;s,1 WOL?U?M&;&,I Tt 7TT—4L2Uy775;5,T—2
O 0] —LgaynU;&l .
@)
: g T Molr—20yn0.
O O O - 0 —UT 10y O
—(11® O-im?)o-gcs,l (1 ® 0-157])5-;35,1 (1® 0-51377)5-/15,2 e (1 ® Uzn)5;:s,T—1 ’
) —(t2 ® 0:6?7)‘7;5,1 (L2 ® O-I’V])a-lms,l e (2 ® O-Wl)a-lxe,T—Q
) O —(13® gmn)agvs,l )
. ) 0
: i T (tr—2 ® Ur??)a-:vs,l
L 0 0 0 o O —(lr1 ®0uy) 00y
(45)
where we used the short-hand notation
5Jza 1= 20-/.1:8,1 - 0/.1‘6,2 (46)
5Jx€,t = 20-/326,15 - O-;:a,t—&-l - Ugce,t—h for t = 27 EEEE) T—1.

Note that the weighting matrix (34) explored in Kiviet (2007) is suboptimal because
it sets Cy = O, which would only be true if o2 = 0.

When the model is pure autoregressive, i.e. K = 0, the optimal weighting matrix is
much simpler. Then it is obvious that Cys is void. It leads to the following simplifications

Cy = Oy

T = (2—7)o?
o= —(1-7)%?

T = qmj_1, for j > 2

Oyn = 0727/(1_'7)-
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Substituting these we find that 2 C, simplifies to the T'(T' — 1) /2 x (T — 1) matrix

1 o2

—C, = n C
O—g 2 1—~ 3(7)7
with C5(y) given by:
[ -1 2—y —(1- 7)2 —y(1 - 7)2 cee —’yT_5(1 — 7)2 _,yT—4<1 . ,y)z q
0 —l2 (2 - 7)L2 _(1 - 7)262 cee —’yT_G(l — 7)2L2 _fyT—B(l _ ’)/)2L2
! B 2= o o AT =) AT =)
o0 0 s e T T =)
0 0 0 0 : )
o : : e (2= )iz
| 0 0 0 0 0 iy |
(47)

A more promising operational alternative to DPPP or DSV in the pure first-order

autoregressive model could be the following. Instead of capitalizing on the assumption
2 _

o, =0, as in DY, one could proceed as follows: capitalize on particular chosen values
oo =0, 02 = &2 and 7 = 7 that seem relevant for the situation at hand and then use

the operational point-optimal weighting matrix

=2
0'77

-1
opt f— —2 _ 52 /52 O C3(%)
popt 2 =2 BB/ G,/6217BB 3

WEE (7, 52,5%) o {Z Iy ® D)2 4+ N ( oty o >} . (48)

This is optimal for the chosen values of 7, 57 and &2.

Note that the optimal weighting matrix derived above allows a different approach
in obtaining a 2-step GMMs estimator (under effects stationarity and homoskedasticity)
than the usually employed @/V[; of (20) based on first step residuals, viz. by simply sub-
stituting in D and D" the first-stage estimators of -, o2 and o2. Below, by GMMs?” ¢
we indicate the unfeasible GMMs estimator using in the optimal weighting matrix the

true values of v, 02 and o, whereas GMMSs/” " is the feasible point-optimal 1-step GMMs
estimator using particular values of 7, 57 and &?2.

4 Monte Carlo study

In the simulation experiments below we have severely restricted ourselves regarding the
generality of the Monte Carlo design. At this stage we only focussed on the case K = 0,
i.e. like Blundell and Bond (1998) we just examine the fully stationary pure first-order
autoregressive case. This implies that the panel data have to be generated such that for
all © =1, ..., N first start-up values are obtained according to

1 . 1
0= 7 T 20
Yio 1_777 1— 2 0

and next in a recursion the 7' observations
Yit = VYiz—1 + 1; + Eits
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from the N x 1 white-noise series 7, ~ 1.1.d.(0,07) and the N distinct (7' + 1) x 1 white-
noise series €;; ~ 1.1.d.(0,02), t = 0, ..., T. All these white-noise series have to be mutually
independent from each other. Note that this yields Var(y;) = 02 /(1 —v)* +02/(1 =),
so there is both effect stationarity and stationarity with respect to the idiosyncratic
disturbances.

We will investigate just a few particular combinations of values for the design para-
meters. Without loss of generality we may scale with respect to . and choose 0. = 1.
We will examine only positive stable values of 7, viz. v = 0.1(+0.2)0.9, and just a few
different values of the ratio 0727 /o?. This variance ratio we vary, for reasons explained in
Kiviet (1995, 2007), by examining p € {0.5,1,2,4}, where

1 o,

= T oo (49)
Hence, we fix 0, = (1 — y)u. For the sample sizes N and 7" we choose N = 100 and
T = 4(+2)10. For all cells we ran 1000 replications and all the results for all separate
cells are obtained by precisely the same series of random numbers.

All results are presented graphically. In 6 Figures we give results for 6 different
weighting matrices, viz. DV, DPPD  D7i/72 for g2/52 = 0, D73/72 for a2/52 = 10,
D7/72 for the true value of 0727 /o? (which is not feasible in practice) and finally the non-
operational optimal Wf{g matrix. Fach figure contains 16 diagrams. The top 8 contain
1-step GMMs results and the bottom 8 the related 2-step GMMs results, where residuals
have been used obtained from the 1-step GMMs procedure in that same figure. The
figures have four columns of diagrams, which correspond from left to right to the four
examined values of u = {0.5,1,2,4}. Each group of 8 diagrams consists of two rows of
4 diagrams: the first row presents bias, i.e. the Monte Carlo estimate of E(y — 7); the
second row depicts relative precision, which is expressed as the Monte Carlo estimate of
RMSE(%)/v in %.

In Figure 1 we investigate the operational but sub-optimal simple weighting matrix
based on DYV = I,;_,. We find negative bias for moderate j, but positive bias for u
larger and v small. The bias does not change much between 1-step and 2-step estimation,
as already noticed by Blundell and Bond (1998). However, the precision (measured by
relative root mean squared error) improves slightly by 2-step estimation (which is in
agreement with asymptotic theory). Whether these are general phenomena or is special
for the GIV weighting matrix will follow when examining other weighting devices. We
note that the precision gets poor when ~ is small (which is natural when one divides by
), but is especially poor when ~ is small while p large.

Figure 2 shows that DPFP yields bias figures shifted in upward direction (especially
for large 7 values), when compared with those in Figure 1. Therefore the bias is smaller
and thus the precision higher for 4 moderate. Now 2-step is hardly better than 1-step.

Figure 3 is based on the weighting matrix presented in Windmeijer (2000), which
assumes p = 0. For p < 1 the results are slightly better than those of Figures 1 and
2. But for larger actual values of p very poor results are obtained when v is small or
moderate.

From Figure 4 we learn that overstating the true value of a% /o? seems less harmful
than understating it. Aiming at point-optimality at /52 = 10, while neglecting the
D" contribution given in (42) to the weighting matrix, is better than the methods in
Figures 1 through 4 when 7 is small. The method examined in Figure 5 differs from
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that of Figure 4 in just one respect, viz. that the true value of 072] /o2 has been used in
weighting matrix (35). This non-operational method removes almost all bias and clearly
shows the best precision results obtained at this stage.

Finally we examine the qualities of the optimal weighting matrix W given in (40).
In performing the calculations we experienced a serious problem, viz. that this matrix
is not always positive definite. Although we found ngg to be non-singular in all our
experiments, it was not always positive definite due to the contribution of D3 in (42).
For ;1 = 0, when D" = O, the optimal weighting matrix was always positive definite,
but not for 0727 > 0. We found that, although the matrix is asymptotically proportional
to a covariance matrix which is certainly positive definite, in finite sample it may not be,
apparently due to the hybrid nature of Wgﬂ’é, which is partly determined by data moments
and partly by parameters. Whenever Wg’g was not positive definite in our simulations,
we removed the DY contribution from the weighting matrix, which then proved to be
positive definite. For y = 1 we could retain D3” " for the larger v and smaller T values,
but we had to remove it in 60% of the replications for v = 0.1 and 7' = 10. However,
at p = 4 this problem emerged much more frequently: in fact in 99% of the replications
when 7' large and 7 small, though hardly ever for v = 0.9. Hence, strictly speaking we
were only able for the case p = 0 to fully examine GMM with optimal weight matrix.
Figure 6 presents results for the adapted procedure. The results do not differ much from
those in Figure 5.

In a next version of the paper we will also simulate panel data models with further
predetermined regressors, cf. Bun and Kiviet (2006).

5 Conclusions

The GMM system estimator for effect stationary dynamic panel data models exploits
two hybrid sets of orthogonality conditions. The covariance matrix of all individual
orthogonality condition expressions determines the optimal weighting matrix, and due
to the hybrid nature of the orthogonality conditions deriving those covariances is not
straightforward. We show that obtaining a conditional covariance suffices, and that dif-
ferent conditioning sets may be chosen for all separate elements of this variance matrix.
By choosing for all individual covariances conditioning sets that simplify the analytical
derivation of them we find an expression for the optimal weighting matrix for the model
that contains the first lag of the dependent variable as an explanatory variable and an
arbitrary number of further predetermined regressors. The resulting weighting matrix de-
pends on the in practice unknown parameters of the model and on further characteristics
of the data series, viz. the covariance between the regressors and the unobserved individ-
ual effects and the autocovariance between predetermined regressors and idiosyncratic
disturbances. Hence, it cannot be used to obtain optimal 1-step GMM estimators, but
it can serve as a guide in finding close to optimal or point-optimal operational weighting
matrices for GMMs.

We performed a number of Monte Carlo experiments in the context of the very specific
but simple stationary zero-mean panel data AR(1) model and examined and compared
the results of a few implementations of 1 and 2-step GMMs, which differ in the weighting
matrix employed in 1-step estimation. We found that the results of 2-step estimation
hardly improve upon the corresponding 1-step GMMSs results. Hence, the quality of the
weighting matrix used in 1-step estimation is found to be very important. Apparently,
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the theoretical result of asymptotic optimality of 2-step estimation, irrespective of the
weighting matrix used in 1-step estimation, has limited relevance in this model for the
sample sizes examined. For reasons that still require further study we were not able yet
to exploit in a really satisfactory way the derived optimal weighting matrix for GMMs.
However, it did lead to an operational though suboptimal weighting matrix which seems
superior in many cases to those presently in use (the one that yields the GIV estimator
and the weighting matrix used in the DPD program). For this new weighting matrix one
has to make a reasonable prior guess of the error-component variance ratio o7 /o?.
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Figure 1. GMMs1 and GMMs2 employing DV for ;= 0.5,1,2, 4.

22



R\

wa w7mw9o% y

70 V0 00 vo- 49

0 VO 00 vO- 40

b4
70 VO 00 vO- 49

Figure 2. GMMs1 and GMMs2 employing DPPP = 0.5,1,2,4.

23



0, for n=0.5,1,2,4.
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Figure 3. GMMs1 and GMMs2 employing D77/
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