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Abstract

Neither the Dif(ference) moment conditions, see Arellano and Bond (1991),
nor the Lev(el) moment conditions, see Arellano and Bover (1995) and Blundell
and Bond (1998), identify the parameters of linear dynamic panel data models for
all data generating processes for the initial observations that accord with them
when the data is persistent. The combined Dif-Lev (Sys) moment conditions
do not always identify the parameters either when there are three time series
observations but do so for larger numbers of time series observations. Thus the
Sys moment conditions always identify the parameters when there are more than
three time series observations. To determine the optimal GMM procedure for
analyzing the parameters in linear dynamic panel data models, we construct
the power envelope and find that the KLM statistic from Kleibergen (2005)
maximizes the rejection frequency under the worst case alternative hypothesis

whilst always being size correct under the null hypothesis.

*Department of Quantitative Economics, University of Amsterdam, Roetersstraat 11,
1018 WB Amsterdam, The Netherlands. Email: M.J.G.Bun@uva.nl. Homepage:

http://wwwl.feb.uva.nl/pp/mjgbun/ .
"Department of Economics, Brown University, 64 Waterman Street, Providence,

RI 02912, United States. Email: Frank Kleibergen@brown.edu. Homepage:
http://www.econ.brown.edu/fac/Frank Kleibergen.



1 Introduction

Many empirical studies employ dynamic panel data methods. These are typically gen-
eralized method of moments (GMM) based and use the moment conditions that result
from either Arellano and Bond (1991), to which we refer as Dif moment conditions, or
Arellano and Bover (1995), to which we refer as Lev moment conditions, or a combina-
tion of these two sets of moment conditions to which we refer as Sys moment conditions,
see also Anderson and Hsiao (1981) and Blundell and Bond (1998). The Dif moment
conditions do not identify the parameters of dynamic panel data models when the data
is persistent which has led to the development of the Lev moment conditions which
are supposed to identify the parameters when the data is persistent. GMM based pro-
cedures based on the Lev moment conditions, however, often still lead to large biases
of estimators and size distortions of test statistics when the data is persistent, see e.g.
Bond and Windmeijer (2005) and Bond et. al. (2005).

We show that the Lev moment conditions do not identify the parameters of dynamic
panel data models when the data is persistent for a range of different data generating
processes for the initial observations. This explains the unsatisfactory performance of
estimators and test statistics in such instances. Thus both the Dif and Lev moment
conditions do not identify the parameters of the dynamic panel data model when the
data is persistent because identification has to hold for all data generating processes
that accord with the moment conditions. The Sys moment conditions are a combi-
nation of the Dif and Lev moment conditions so we expect that they do not identify
the parameters either. This, however, only holds when there are three time series ob-
servations. We show that the Sys moment conditions identify the parameters of the
dynamic panel data model when there are more than three time series observations for
all data generating processes for the initial observations that accord with the moment
conditions. The non-identification of the parameters from the Lev moment conditions
when the data is persistent results from the divergence of the initial observations and
therefore also of products of it with other variables. When there are three time series
observations, the number of divergent components equals the number of Sys moment
conditions so we cannot identify the parameters. When there are more than three
moment conditions, the number of such divergent components is less than the number
of Sys moment conditions so we can identify the parameters from those parts of the
Sys moment conditions that do not depend on the divergent components.

To alleviate the biases and size distortions of estimators and test statistics alterna-

tive approximations for the large sample distributions of them in case of persistent data



alongside corrections of the estimators and test statistics themselves have been pro-
posed. Kruiniger (2009) and Madsen (2003) construct such alternative approximations
of the large sample distributions using an approach similar to the weak instrument
asymptotics employed in Staiger and Stock (1997). To show the non-identification of
the parameters, we use a similar setting with a joint limit sequence where the variance
of the initial observations goes to infinity jointy with the sample size. The resulting
expressions for the large sample distributions of the estimators are similar to those
in Kruiniger (2009) except for when there are more than three time series observa-
tions and we use the Sys moment conditions. We show that the parameters are then
identified which is left unmentioned in Kruiniger (2009).

We often use identification robust GMM statistics, like, for example, the GMM
extension of the Anderson-Rubin (AR) statistic, see Anderson and Rubin (1949) and
Stock and Wright (2000), and the KLM statistic, see Kleibergen (2002,2005), to ana-
lyze the identification issues with the different moment conditions. The large sample
distributions of these statistics are not affected by the identification issues that result
from the initial observations. Hence, we can use them to analyze such issues in a clear
manner since the results that we obtain from them are not blurred by size distortions
etc. that result from the identification problems. The correction of the Wald statistic
proposed in Windmeijer (2004) is another statistic that overcomes size distortions. It
is closely related to the KLM statistic from Kleibergen (2005). Since it uses the two
step estimator and does not incorporate all components of the KLLM statistic, the large
sample distribution of Windmeijer’s correction of the Wald statistic is not fully robust
to identification failure whilst the large sample distribution of the KLM statistic is.

We only analyze GMM based procedures. Alongside GMM based procedures, like-
lihood based procedures have been proposed to analyze dynamic panel data, see e.g.
Lancaster (2002), Moreira (2009) and Hsiao et. al. (2002). None of these likelihood
based procedures does, however, identify the parameters when the data is persistent
which we show can be achieved through GMM based procedures when there are more
than three time series observations.

The paper is organized as follows. The second section introduces the linear dynamic
panel data model and the different moment conditions that are used to identify its
parameters. In the third second, we show the non-identification of the parameters that
results from the Dif and Lev moment conditions and the Sys moment conditions with
three time series observations. In the fourth section, we show that the Sys moment
conditions always identify the parameters when there are more than three time series

observations. We also construct the large sample distributions of the estimators and
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statistics for persistent data when there are more than three time series observations.
In the fifth section we construct the power envelope for the statistics when the data is
persistent for different numbers of time series observations. The sixth section concludes.

We use the following notation throughout the paper: Py = A(A’A)~1A’ is a projec-
tion on the columns of the full rank A k x k dimensional matrix A and My = I, — Py

is a projection on the space orthogonal to A. Convergence in probability is denoted by

13 2
—

and convergence in distribution by “7”.
P

2 Moment conditions

We analyze the dynamic panel data model

Yit = i + Oyi—1 + uyy, 1=1,...,N, t=2,....T,
Yin = M T Ui i=1,...,N,

(1)

with ¢; = p;(1 — 0), T' the number of time periods and N the number of cross section
observations. For expository purposes, we analyze the simple dynamic panel data
model in (1) which can be extended with additional lags of y;; and/or explanatory
variables. Estimation of the parameter # by means of least squares leads to a biased
estimator in samples with a finite value of 7', see e.g. Nickel (1981). We therefore
estimate it using GMM. We obtain the GMM moment conditions from the conditional

moment assumption:
E[uit|uit,1,...,uﬂ,ci]:0, tzl,...,T,’izl,...,N, (2)
which implies that for every i :

E[uituitfj] = 0, =
E[uitci]: O, tzl,,T

Alongside the conditional moment assumption in (2), we do not impose any additional
assumptions on the variances of the disturbances u;; and fixed effects ¢; except for that
they are finite. Under these assumptions, the moments of the 7?2 interactions of Ay;;
and y;; :

E[Ayiuyi] j=1,....,T, t=2,...,T (4)

can be used to construct functions which identify the parameter of interest 6. The
covariance between ¢; and y;;_1 leads to inconsistency of the least squares estimator of

0 when T is finite and N gets large so the moments in (4) do not contain any product
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of ¢; and y;;_1, since Ay;; does not depend on ¢;, as to avoid the origin of this inconsis-
tency. We do not use products of Ay;; to identify 6 either since we would need further
assumptions, like, for example, homoscedasticity or initial condition assumptions, to
do so, see e.g. Han and Phillips (2010).

Two different sets of moment conditions, which are functions of the moments in

(4), are commonly used to identify 6 :
1. Difference (Dif) moment conditions:
Elyij(Ay — 0Ay;—1)] =0 j=1,...,t—=2;t=3,...,T, (5)
as proposed by e.g. Anderson and Hsiao (1981) and Arellano and Bond (1991).

2. Level (Lev) moment conditions:
ElAyi-1(Yie — Oyie—1)] =0 t=3,...,T, (6)
as proposed by Arellano and Bover (1995), see also Blundell and Bond (1998).

These moments can be used separately or jointly to identify . If we use the moment
conditions in (5) and (6) jointly, we refer to them as system (Sys) moment conditions,
see Arellano and Bover (1995) and Blundell and Bond (1998).

Without any additional homoscedasticity or initial observation assumptions, the

sample analogs of the moments in (4),

N
%ZAyztyU ]:1,,T,t:2,,T, (7)
i=1

provide the sufficient statistics for #. Under our assumptions, the Sys moment condi-
tions extract all available information on 6 from these sufficient statistics.

The Dif moment conditions do not identify 6 when its true value is equal to one
while the Lev moment conditions are supposed to do, see Arellano and Bover (1995) and
Blundell and Bond (1998). It has therefore become customary to use the Sys moment
conditions so # is identified throughout by the moment conditions. The identification
results in Blundell and Bond (1998) are, however, silent about their sensitivity with
respect to the initial observations.

In Lancaster (2002) and Moreira (2009), the observations are analyzed in deviation
from the initial observations which preserves their autoregressive structure and sets the

initial observations to zero. The transformed observations which are analyzed using
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likelihood based procedures, however, no longer satisfy the Lev moment conditions.
Likelihood based procedures are also used in Hsiao et. al. (2002) but identical to the
likelihood based procedures proposed in Lancaster (2002) and Moreira (2009), they do

not apply to unit values of 6.

3 Initial observations and identification

The Dif and Lev moment conditions that we use to identify 6 are semi-parametric
with respect to the fixed effects and initial observations so they identify  for a variety
of different specifications of them. These specifications, however, still influence the
identification of 6 for persistent values of it, i.e. values that are close to one. To

exemplify this, we first consider the simplest setting which has T" equal to three.

3.1 Identification when 7" = 3.

When there are three time series observations, the Dif and Lev moment conditions

read:

Dif:  Elyi(Ayis — 0Ay)] =0 (8)
Lev:  E[Ayin(yis — 0yi2)] =0

with Jacobians:

Lev: —E{ylgAyzg)] (9)

The Jacobians in (9) show that for many data generating processes (DGPs) for the
initial observations y;;, the Dif moment condition does not identify 6 when its true
value, ), is equal to one since E[y;;Ay;s] is then equal to zero'. The Jacobian of the

Lev moment condition is such that

E(ynAyis) = E((ci + 0oya + win)uiz)
= EB(ub) (10)
- o0,

so the Lev moment conditions seem to identify 6 irrespective of the value of 6, see
Arellano and Bover (1995) and Blundell and Bond (1997). There is a caveat though
since for many data generating processes y;; is not defined when 6y is equal to one and,

despite that y;; and u;, are uncorrelated, we then do not know the value of E(y;1u;2)

'An example of a DGP for y;; for which the Dif Jacobian condition does hold at 6y = 1 is
yi1 ~ N(p, %) (covariance stationarity) so E(y;1Ayie) = "72
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which is used in the construction of the Jacobian in (10). To ascertain the identification
of 6 by the Lev moment conditions when 6 is equal to one, we therefore consider a joint
limit process where both 6, converges to one and the sample size goes to infinity. In

order to do so, we first make an assumption about the mean of the initial observations.

Assumption 1. When 6y goes to one, the initial observations are such that
limg, 1 (1 — Oo)yi1 = ¢;. (11)

Assumption 1 implies that the constant term ¢; in the autoregressive model in (1)

is associated with the mean of the initial observations y,; and that
limg,—1(1 — Op)ui; = 0. (12)
It allows both for ¢; or p, fixed for different values of 6. If Assumption 1 does not
hold, the Lev moment conditions are not satisfied since
Ayia = ¢; + (0o — 1)y + iz (13)

so if Assumption 1 does not hold, Ay;» depends on ¢; when 6 is equal to one and the

Lev moment condition does not hold.

Lev moment condition We analyze the large sample behavior of the Lev sample
moment, ~ Zf\il Ayio(yis — Oyiz), and its derivative, —+ Zf\i L Yi2Ayia, when 6, con-
verges to one (we rule out explosive values of 6y) for which we just list their elements

that matter for the large sample behavior for some DGPs for the initial observations:
limgy1 & Yy Ayia(yis — Oyin) = (1 —0) {% Sy udy o+ limgyn & ST vy +
limg, 11 % Z@-]L(l - 90)%’1%1}

. N N . N

limg, 11 % Yo Vi Ayin = ﬁ Yoic1 u + limg, 11 % Y oinq Uil +
. N
limg, 11 3 >oimy (1 — Oo)uany.

(14)
Since wu;2 and y;; are uncorrelated, for some function h(6y) it holds that
limg, 11 h(@o)ﬁ Zf\;l UinYir — Vo, (15)

with ¢, a normal random variable with mean zero and variance o3 =var(u;) so

h(0y)~2 =var(y;;), which explains why %Zﬁl uioy;n appears in (14). Similarly, if

var(u;;) = 1f20(2) then

2

limgy11 & 30 (1= Oo)unya = limgyy E((1— 0o)ud) = %, (16)
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with 02 a non-zero constant.?
The speed with which the sample size goes to infinity compared to the convergence
of h(6y) to zero determines the behavior of the Jacobian of the Lev moment condition.

For example, when

h(Bo)VN —— oo, (17)

N—o0, 0971
it holds that

LS YAy ~ o3 + limgyp1 E((1 — bo)us)),
N—o0, 0971

(18)

while when

hOo)VN — — 0, (19)

N—o0, 0971

the large sample behavior of the Lev moment equation and its Jacobian are character-

ized by
h(QO)\/LN Sy Ayia(yis — Ovi2) - (1—0),
N—o0, 0pT1 (20)
h<90)TIN Zf\il Yia Ay - Py.
N—o0, OpT1

This shows that 6 is not identified if 0 is equal to one, since 1), has mean zero, and the
convergence of the sample size and 0y accords with (19). Since any assumption about
the convergence rates of the sample size and 6, is arbitrary, also the identification of
0 by the Lev moment conditions is arbitrary for DGPs for which 6, is close to one
and h(fp) is equal to zero when 6, equals one. Some of the most plausible DGPs for
the initial observations belong to this category. A few examples of these, and their
specifications of h(fy), are:

DGP 1. y; ~ N(1

1-6y°

0?), 0% =var(c;), h(0o) = (1 — 6y) /o

DGP 2. y;; ~ N( of ), 02 =var(c;), h(0o) = (1 — 6g) /o

160’ 1-02

DGP 3. g1 ~ N, 15), 02 =var(p), & = (1 = 0o), h(0o) = (V1= 03) /o

2(g+1)
21-05"7

DGP 4. yi ~ N(u;, 011_—93), o =var(y,), ¢; = p;(1 — o), limg,11 2(6o) = Lgs.

o1

2(g+1)
216"

1-0¢°

), 02 =var(c;), limgyr1 h(0o) = (1 — bp) /0.

c =

2We note that this is just the special case of covariance stationarity to which we do not confine

ourselves.



DGPs 4 and 5 characterize an autoregressive process of order one that has started
g periods in the past while the initial observations that result from DGP 2 and 3 result
from an autoregressive process that has started an infinite number of periods in the
past. DGPs 1 and 3 are also used by Blundell and Bond (1997) while Arellano and
Bover (1995) use DGP 3.

The conditions on A(f) that result from (19) for DGPs 1-5 are:

DGP1,2 5: (1-6)VN — 0 or fp=1——%—

N—oo, 6011 N3+
) 2 _ d
DGP 3: (1 — QO)N NHO:?GOT]_ 0 or 90 =1- NiTe (2]_)
DGP 4 : e}

9 N—oo, g—oo

with d a constant and ¢ some real number larger than zero, so the process should
have been running longer than the sample size in case of DGP 4. Kruiniger (2009)
uses the above specification for DGP 3 with e = 0 and DGP 4 with N/g going to a
constant to construct local to unity asymptotic approximations of the distributions of
two step GMM estimators that use the Dif, Lev and/or Sys moment conditions. We do
not confine ourselves to a specific DGP for the initial observations in order to obtain
results that apply generally. While the (non-) identification conditions for identifying
0 that result from the above data generating processes might be (in)plausible, it is
the arbitrariness of them which is problematic for practical purposes. For example,
the identification condition might hold but it can lead to large size distortions of test

statistics as in case of weak instruments, see Staiger and Stock (1997).

Dif moment condition Because the Dif moment condition does not identify 6 when
0 is equal to one, except, for example, for the covariance stationary DGP for the initial
observations mentioned previously, the above identification issues that concern the Lev
moment conditions do not in general alter the identification of § when we use the Dif
moment condition. When (19) holds, the large sample behavior for values of 6y close

to one for the Dif sample moments and its derivative are such that:

hb0) e il ya(Ayss —00yn)  — Wy — 00y

N N—o00, 6pT1 (22)
—h(Qg)TIN Y i1 Uit Ayio - —),
N—oo, 0pT1
where
hmgoTl h(eo)ﬁ Zi\;l U;i3Yi1 7 ¢37 (23)



with 15 a normal random variable with mean zero and variance 03 =var(u;3). Since 9,
has mean zero, # remains unidentified when 6, is equal to one. This also shows that
although a covariance stationary DGP for the initial observations, like DGP 3, seems
to satisfy the Jacobian identification condition, it does not identify 6 at 8y = 1 when
the convergence of the sample size and 6, is in accordance with (19).

The above implies that € is not necessarily identified by the Dif and Lev moment
conditions when 6 is equal to one so it is of interest to analyze if this extends to the

Sys moment conditions which are a combination of the Dif and Lev moment conditions.

Sys moment conditions The Sys sample moments, which we reflect by fy(6), and

their derivative, which we reflect by qn(#), read:

yil(AyiS - QA%Q) 1 N Vi1 AYio
N(O) = §F i Agin (s — On) N(0) N Qi1 Atistin (24)

In large samples and when 6y converges to one according to (19), the behavior of the

( Zz ) . (25)

The large sample behavior of the Sys moment conditions in (25) does, since the means

Sys sample moments and their derivative is characterized by

—0
ORI
an(0) ) d 1

1

lin’l@oTl7 h(@o)\/]v—)() \/Nh<90) (

o O O =

of 1, and 15 are equal to zero, not identify #. This shows that also for the Sys moment
conditions the identification of @ is arbitrary for unit values of #; when 7" = 3 since it
depends on an high level assumption that concerns the convergence rates of 6y and the
sample size.

The non-identification of 6 by its moment conditions for specific convergence se-
quences concerning the variance of the initial observations implies that the limit be-
havior of estimators is non-standard. We state this limit behavior for the one and two
step estimators that result for the Dif, Lev and Sys moment conditions when 7" = 3
in Theorem 1. The two step estimator that results from the Sys moment conditions is
computed using the usual Eicker-White covariance matrix estimator evaluated at the
estimate from the first step, see White (1980). Since the number of Lev and Dif mo-
ment conditions equals the number of elements of § when T' = 3, the GMM estimators

based on these moment conditions do not depend on the covariance matrix estimator.
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Theorem 1. Under Assumption 1, the conditions in (3), finite fourth moments of ¢;
and uy, 1 =1,....,N, t =2,...,T and when (19) holds, the large sample behavior of
the one and two step GMM estimators that result from the Dif, Lev and Sys moment

conditions when T = 3 read:

é i — ﬁ — 1 + ¢37¢2
P o1, hoo/F—0 V2 W
d
h 9 —1 é ow — 1 N wcu,l+¢cu,3
(Bo)™ (6 )eon, OVN—0 P2
d
éS L N 1+ Y3—thsy
ys,lstep B, h(eg?)\/ﬁ—@ 21)5 (26)
1\ 0
) 1 Vy1Ay,y1Ay 1
9 <9t N 1 — Yi—¥ais :
T 11, 1o R 0 203 ( 1 ) 1 ( 1 )
d \Va
y1Ay,y1 Ay
with
!
A AU A AU
N Yi2 Yi1 AY;2 Yi2 Yi1AYi2
h(90)2 %Zi:l Yi1 - Yi1 - —
Ay;s Yin Ayiz Ay;s Yin Ayis
— Vi Ay Ay

0011, h(0p)vVN—0
d
(27)
— 1 —N — 1 —N
and Yy Ayin = N Zizl Vit AYio, Yir Ayiz = N Zi:1 Vi1 Ayis.

Proof. see Appendix A. m

Theorem 1 shows that all GMM estimators have large sample distributions with
non-standard convergence rates when the convergence is according to (19). The Dif and
one and two step Sys estimators are all inconsistent under the convergence scheme in
(19) while the Lev estimator is consistent but with an unusual convergence rate since,
under (19), h(0y)~! goes to infinity faster than v/N. The large sample distributions of
the estimators in Theorem 1 are all non-standard which implies that the large sample
distributions of the Wald and/or t-statistics, whose definitions are stated in Appendix
B, associated with them are non-standard as well.

The distribution of 0p; ¢ in Theorem 1 is identical to the distribution in Kruiniger
(2009) and Madsen (2003). In Kruiniger (2009) also the large sample distributions of
0;., and @Sy&gstep are constructed albeit using a different DGP for the initial obser-

vations. The qualitative conclusions from Kruiniger (2009) that 0 Lev 1S consistent but
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with a non-standard large sample distribution and that égys,gstep is inconsistent and

converges to a random variable result as well from Theorem 1.

Theorem 2. Under Assumption 1, the conditions in (3), finite fourth moments of ¢
and wy, i =1,...,N, t =2,...,T and when (19) holds, the large sample distributions
of the Wald statistics associated with the two step GMM estimators that result from
the Dif, Lev and Sys moment conditions when T = 3 read:

2
Whis(0) — g ta el
f( 0071, h(@;)\/ﬁ—ﬂ 2 (:115’2) VyllAyyylﬁ?J(jl/?z)
2
WL6U<9) — (z/jcu,l + wcu,?) + (1 - 6) hz%i))

0011, h(00)VN—0
d

-1
2
w(ﬂt +wcu
H#} Vi Ay Ay + Veu 11 + ch,33]

’ 2
) 1
2¢§( 1 ) y;Ay,ylAy( 1 )
W < 9ste 9 N 2 (1 /Vfl 1 i
Suszster )eon,hwowﬁo V2 (1) Vondumay (1) 1) 0
d (wé—%%) 1 Vy_lAy,mAy 1

Proof. see Appendix A. m

Unlike the large sample distributions of the Wald statistics in Theorem 2, the large
sample distribution of the GMM-LM statistic proposed by Newey and West (1987),
whose definition is stated in Appendix B, remains standard x? when the true value of
0 gets close to one. Because the moment conditions do not identify 6 when the true
value of 6 gets close to one according to (19), it remains standard x? for all tested
values of 6 as stated in Theorem 3.

Theorem 3. Under Assumption 1, the conditions in (3), finite fourth moments of ¢;

and uy, 1 =1,...,N, t =2,...,T and when (19) holds, the large sample distributions
of the GMM-LM statistics of Newey and West (1987) that result from the Dif, Lev and
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Sys moment conditions when T = 3 read:

6011, h(60)VN—0
d

GMM-LM;.., (6 — 2(1
L ( )90T1, h(00)vVN—0 X ( ) (29)
d

GMM-LMg,,(0 2(1).
sl )
d

Proof. see Appendix A. m

The large sample distributions of the GMM-LM statistic in Theorem 3 properly
reflect that # is not identified by the moment conditions when its true value is equal to
one and the convergence is according to (19). Accordingly, the large sample distribution
of the GMM-LM statistic is the same for all values of 6 since it is not-identified.

Alongside the Wald and GMM-LM statistics, we also use the identification robust
KLM statistic proposed in Kleibergen (2002,2005) and the GMM Anderson-Rubin
(GMM-AR) statistic, see Anderson and Rubin (1949) and Stock and Wright (2000), to
analyze the identification of # by the different moment conditions when its true value
gets close to one. Their definitions are stated in Appendix B. When T equals 3, these
statistics are both identical to the GMM-LM statistic when we use either the Dif or Lev
moment conditions since @ is then exactly identified by the moment conditions. When
we use the Sys moment conditions, so 6 is over-identified by the moment conditions,
these statistics differ from the GMM-LM statistic. The large sample distributions of
the KLM and GMM-AR statistics do not alter when the tested parameter becomes
non-identified so the large sample distributions of them remain standard y? for all
values of ¢ under (19) albeit with different degrees of freedom. We further discuss the

large sample distributions of these statistics in Theorem 6 in the next section.
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Panel 1. Rejection frequencies of 95% significance tests for different values
of § while the true value is one using DGP 1, T =3, 02 =1, N = 500
and Dif (solid), Lev (dashed) and Sys (dash-dot) moments.
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Figure 1.1. Wald statistics. Figure 1.2. GMM-LM statistics.

Identification in simulated data To illustrate the identification issues with the
different moment conditions when 7' = 3, we generate observations from DGP 1 with
T=3 N=500ando?=1,02=1,t=1,...,7. We use them to compute the large
sample distributions of the Wald and GMM-LM statistics stated in Theorems 2 and 3.
These are shown in Figures 1.1 and 1.2 in Panel 1. Figure 1.1 contains the simulated
distributions of the Wald statistic while Figure 1.2 contains the simulated distributions
of the GMM-LM statistic.

Because of the specification of the data generating process, the ratios involved in
the expressions of the large sample distributions of the Wald statistics that use the Dif
and Sys moment conditions simplify considerably at § = 1. For the Wald statistic using
the Dif moment condition, the numerator cancels out with the denominator and the
remaining constant is also such that it scales 43 to a x?(1) distributed random variable.
This explains why this Wald statistic is size correct, so the rejection frequency is around
5%, when 6 = 1 as shown in Figure 1.1.

For the Wald statistic using the Sys moment conditions when we test 6 = 1, the
squared terms in the brackets cancel out against each other so the large sample dis-

tribution only consists of the two elements at the front of the expression in Theorem
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2. These are again such that the second element scales out the variance of the first
so we are left with a standard x?(1) distributed random variable. This explains why
the Wald statistic with the Sys moment conditions is size correct as well as shown in
Figure 1.1.

The large sample distribution of the Wald statistic using the Lev moment condition
in Theorem 2 clearly depends on nuisance parameters through Vi Ay, ay11. When
Vi Ayaiay,11 equals zero, which basically means that the convergence is according to
(17) instead of (19), it is size correct while it is size distorted for non-zero values of
Vi Ay ay11 @s shown in Figure 1.1.

Although the Wald statistics using the Dif and Sys moment conditions are size
correct, their rejection frequencies for other values of 6 are non-standard because of the
non-standard large sample distributions. Figure 1.1 therefore shows that the rejection
frequency of the Wald statistic using the Dif moment condition declines when we get
further away from 6 while the rejection frequency of the Wald statistic using the Sys
moment conditions increases. Figure 1.1 also shows that the rejection frequency of
the Wald statistic using the Lev moment conditions is an increasing function of the
distance towards one.

Figure 1.2 confirms the findings from Theorem 3 and shows that the rejection
frequency of all three GMM-LM statistics is equal to the size of the test for all values

of 6 when the true value of f is equal to one.

3.2 Identification from Lev and Dif moment conditions when
T > 3.

The identification issues discussed before extend to the Lev and Dif moment conditions
for larger numbers of time series observations. The derivatives of the Dif and Lev

sample moments read:

. N .
Dif: _%Zzﬁlyszyit*l j=1....t—2,t=3,....,T (30)
Lev: —% Zi:l yitflAyitfl t= 3, e ,T,
and their convergence behavior under (19) is characterized by
N .
h<00)ﬁ Zz:lyl.]Ay’Lt 7 ,L/]t ]:177t_11 t:277T_17 (31)
N—o00, 0971
with ¢, t = 2,...,T—1, independently distributed normal random variables with mean

zero and variance o7 =var(u;). This shows that the Dif and Lev moment conditions
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do not identify 6 for larger number of time series observations under the convergence
scheme in (30). Hence, the identification of # using the Dif and Lev moments conditions

is arbitrary when 6y is close to one and h(6y) is equal to zero when 0y equals one.

Identification in simulated data The consequences of the non-identification of
by the Dif and Lev moment conditions when the true value of 0 is equal to one for
values of T" larger than three, has similar consequences for the large sample distributions
of estimators and test statistics as when 7' equals three. We therefore do not derive
these consequences analytically but just illustrate them using a simulation experiment
similar to the one used to construct the figures in Panel 1.

To illustrate the identification issues with the different moment conditions when
T exceeds 3, we generate observations from DGP 1 with 7' = 4 and 5, N = 500 and
02 =1,02=1,¢t=1,...,T. Panel 2 shows the rejection frequencies of testing for
different values of # when its true value is equal to one using the Wald and GMM-
LM statistics for values of T" equal to 4, Figures 2.1 and 2.2, and 5, Figures 2.1 and
2.2. Figures 2.1 and 2.3 that contain the rejection frequencies of the Wald statistics
show that its non-standard large sample distributions are now such that it is size
distorted also when we just use the Dif moment conditions. Besides that the rejection
frequencies also decrease when we move further away from one when we use the Dif
moment conditions which is similar to Figure 1.1. Figures 2.2 and 2.4 are identical to
Figure 1.2 and show that the large sample distributions of the GMM-LM statistic are
flat which we expect for statistics that test parameters that are not identified since the
rejection frequencies are almost the same and equal to the size for all tested values of

the parameter.

16



Panel 2. Rejection frequencies of 95% significance tests for different values
of 6 while the true value is one using DGP 1, T'=4 and 5, 02 =10, N = 500
and Dif (solid) and Lev (dashed) moments.
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4 Identification using Sys moments

We just showed that also for larger numbers of time periods neither the Dif nor the
Lev moment conditions identify 6 for all data generating processes for which the initial
observations satisfy these moment conditions. We therefore expect the same to hold
for the Sys moment conditions for such number of time periods which is, as we showed
previously, the case when the number of time periods is equal to three. To analyze the
identification of § using the Sys moment conditions, we begin with a representation
theorem.

Theorem 4 (Representation Theorem). Under Assumption 1, the conditions in
(8), finite fourth moments of ¢; and uy, 1t =1,..., N, t =2,..., T, we can characterize
the large sample behavior of the Sys sample moments and their derivatives for values

of 0y close to one by
A (0)

fx(6) -0 .
(i )= (137 ) nfresmin (447 ) o

40) B,(0) (32)
( iq > (LQ ® LT72) (hmeoTl E((@O - 1)”121)) + \/_IN ( qu > wcua

with v; a j x 1 dimensional vector of ones, u(c?) a constant and v and 1., are mean
zero normal random variables and for:

T=3 we have two moment conditions and the dimension of 1 is two.
T=4 we have five moment conditions and the dimension of 1 is three.
T=5 we have nine moment conditions and the dimension of 1 is four.

General T %(T + 1)(T' — 2) moment condtions and the dimension of 1 is T — 1.

The ezact specification of As(0), Ay, Bs(0), By, p(c?), ¥ and ., for values of T equal
to 8, 4 and 5 is given in Appendix A.

Proof. see Appendix A. m

Theorem 4 shows that
ix(®) - A4(6)
\/Nh(@o) ( qn(0) ) 0011, h(&;)\/ﬁ—ﬂ ( A, ) b, (33)
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which seems to indicate that 6 is not identified by the Sys moment conditions for
any number of time periods when the limit sequence in (19) holds since 1 is a mean
zero normal random variable. The expression in (33) is qualitatively the same as the
one in (25), which applies to T' = 3, except for that the number of components of
Y can be less than that of either fy(0) or gx(f) while these numbers are equal in
(25). If we therefore pre-multiply the Sys moment conditions in (32) by the orthogonal

complement of Ay(6), we obtain

Ap(O0)Lfn(0) = (L= 0)As(0) p(0®) + 5 Ap(0) B (0) e, (34)

with A¢(0) L a 3(T+1)(T—2)x (3(T — 1)(T — 2) — 1) dimensional matrix which is such
that Ag(0), Ar(0) = 0, Ar(0) Ap(0)L = I<%(T71)(T72)71). The rotated Sys moment
conditions in (34) do not suffer from the degeneracies caused by the divergence of
W@D. It implies that 6 is identified by the Sys moment conditions regardless of the
process generating the initial conditions when there are more than three time periods.
When there are three time periods, the orthogonal complement of A () is not defined
since A(#) is a square matrix so ¢ is not necessarily identified. From three time periods
onwards we therefore expect estimators of € to be consistent regardless of the process

that generated the initial observations as long as it satisfies the Sys moment conditions.

Theorem 5. Under Assumption 1, the conditions in (3), finite fourth moments of ¢;
and uyg, 1 =1,... ., N, t=2,...,T, with T larger than three, the large sample behavior
of the one step, two step and continuous updating estimators under the convergence
sequence in (19) reads:

1. One step estimator:
i — 1= (WA AG) T A A (1), (35)
which is inconsistent since As(1) does not equal zero.
2. Two step estimator:
h(B0) 7 (Bas — 1) ~
(v 5450010, [Afwls) B0 Ve BBV A1) A A ) h

1

/A, Af 913 J_ |:Af Bf els)vuu,uu.ylAny(els) Af(‘gls)J_] A (913)3_
)

(A1)
[(1 — 915) (0'2 + \/_LBf(le) (Q/qu - y1Ay uuvtl/:iy ylqu/J)] ?
(36)
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which shows that the two step estimator is consistent but with a non-standard

convergence rate, h(6y), and a non-standard large sample distribution.
3. Continuous updating estimator (CUE), see Hansen et al (1996):

VN (Ocvp — 1) ~

[1(02) Ap (1) 1 [Ap (1), B (1) Vawugs 2y By (1) Ap (1) L] Ap(1) pu(0?)] (o2 As(1),

[Ar(1), Br(W)WVanugn ay Br (1) Ap(1) 1] 7 Ap(1) By (1) [ = Vi agunVipr Aynag?]
(37)
so the CUFE is consistent with a standard convergence rate and large sample dis-

tribution.
where
_ 2 2
Vuu,uu = var (Ciui27 Cil;3, Cilhig, Uyn, Ui2Ui3, Ui2Usg , Uz, Uz‘3u7j4)

‘/ylA%ylAy = Ua?”(yiluzz, Yi1U;3, yilui4)

_ 2 2
Vuu,ylAy = COU<<CiUi27 Cilhi3, Ciliq, Usg, Ui2Ui3, Ui2Uig, Usg, ui3ui4)7 (38)
(yiluz?a Yi1 Uiz, yi1u¢4))

_ v -1

Vuu,uu.ylAy - Vuu,uu ylAy,uu%lA%ylAy%1Ay,uu-

Proof. see Appendix A. =

Theorem 5 states the large sample distributions of the one step, two step and con-
tinuous updating estimators. Because of the divergence of the Sys sample moments in
the direction of Af(6), the one step estimator is inconsistent and converges to a random
variable. The two step estimator uses the one step estimator as input which explains
why the two step estimator is consistent but with a non-standard convergence rate and
large sample distribution. When we further iterate to obtain the continuous updating
estimator, Theorem 5 shows that we do obtain a standard v/N convergence rate and
a normal large sample distribution. Because only the large sample distribution of the
fully iterated CUE is normal, we, however, expect that the finite sample distribution
of the CUE is considerably different from a normal distribution.

In Kruiniger (2009), the large sample distribution of the two step estimator for
values of 6, close to one and when T exceeds 3 is constructed as well. Kruiniger (2009)
shows that the two step estimator is inconsistent. This probably results because it is
not mentioned in Kruiniger (2009) that the number of divergent components in the
Sys moment conditions is less than the number of elements of the moment conditions

so we can identify 6 using that part of the moment conditions that does not depend
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on the divergent components. This is exactly what happens for the estimators since
all their components result from the orthogonal complement of Af(6), A¢(#),, which

is further reflected by the expressions of the large sample distributions in Theorem 5.

Panel 3. Rejection frequencies of 95% tests for different values of # while the true value
value is one using the two step and CUE Wald t-statistics with Sys moment conditions
and varying numbers of T, DGP 1,02 =1, 02 =1,t=1,...,7, N=500: T =3
(solid), 4 (dashed), 5 (dash-dotted), 6 (dotted), 7 (solid with plusses).
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Figure 3.1. Two step Wald statistic Figure 3.2. CUE Wald statistic

To assess the convergence speed of the finite sample distributions of the two step

o
@

estimator and CUE to their (non-) standard limiting distributions, we compute the
rejection frequencies of testing for different values of 6 while the data is generated
using DGP 1 with a value of 4 close to one. Panel 3 shows the rejection frequencies
of the Wald statistics for both estimators. Both Figure 3.1, which contains the rejec-
tion frequencies that result for the two step Wald statistic, and 3.2, which contains
the rejection frequencies that result for the CUE Wald statistic, show that the Wald
statistics are severely size distorted. This shows that the normality of the large sample
distribution of the CUE in Theorem 5 is often a bad approximation of its small sample
distribution when the true value of 6 is close to one. For the two step estimator, the
size distortions are as expected since its large sample distribution is not normal.
Since the finite sample distributions of the two step and CUE Wald statistics are
badly approximated by their large sample distributions, we construct the large sample
distributions of the GMM-AR, GMM-LM and KLM statistics, whose definitions are
stated in Appendix B, in order to assess whether they provide better approximations
of their finite sample distributions. We also use these statistics, in the next section, to

compute the power envelope.
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Theorem 6. Under Assumption 1, the conditions in (3), finite fourth moments of ¢;

and uy, i =1,...,N, t =2,...,T and under the convergence sequence (19), the large
sample distributions of the GMM-AR, KLM and GMM-LM statistics for values of T
larger than three are such that:

1. The GMM-AR statistic, defined in Appendiz B, has a non-central x* distribu-
tion with as many degrees of freedom as moment conditions and non-centrality

parameter
N(L = 0)*1(0®) Ap(0) L(Ap(0), By (0)Vauawugnay By (0) Ap(0) 1) A (0)' p(0?).
(39)

2. The KLM statistic, defined in Appendiz B, has a non-central x*(1) distribution

with non-centrality parameter

N(1 - ‘9)2N<J2)/Af<0)J_(Af(H)ILBf(0)Vuu,UU~y1A2Jle(‘9),A (0).)72
Poo) (A (0) By (0)Visuun g By (0) A (0) 1) "2 A (6) L) p(0?)

where g (0) is such that

(40)

1

9(9) = (Afwa_Bf(Q)Vuu,uu-ylAny( ) (Q)L) 2
Af(g)l{—[f%(ﬂl)(m) (1- )Aq(Af( ) 7(0) A (0) (o) +
[AgViayua By (0) A (0)(Af(0) Ay (0))~ g - BV Br(0) Af(0) 1]

“1
Vi Ay Ay VylAy,uuBf(@) Ap(0)L
Ap(0) B0V Ay Ap(0) L Br(0)Viuua B (0) Ap(0) 1
0

(1= 6)As(0) u(0?)
(41)

3. The GMM-LM statistic, defined in Appendix B, has a non-central x*(1) distri-
bution with non-centrality parameter

N(1 = 0)°1(0®) A7(0) L (Af(0). By (0)Vsuwn 5By (0)' A7(8) 1) 72 P
(A7 (0) By (0) Vo g Br(8) Ap(6) 1) 72 Ap(6) (o)

where h(0) is such that

h(0) = (Ap(0), By (0)VauuugnayBr(0) Ap(0) 1) "2 Ap(0) Agt) (43)

so h(0) is a random variable independent of the normal random variable that

(42)

constitutes the quadratic form that makes up the statistic.
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Proof. see Appendix A. =
The large sample distributions of the GMM-AR and KLM statistics are as expected

which also applies to their non-centrality parameters. The non-centrality parameter
of the large sample distribution of the GMM-LM statistic is rather unusual since it
depends on .

5 Power Envelope

We just showed that the identification of  gradually improves when the number of time
periods increases and the true value of 6 is close to one. To determine the strength
of identification under all applicable data generating processes, i.e. those that satisfy
the Sys moment conditions, we construct the power envelope when the true value of
6 is equal to one. Usually the power envelope is obtained from the likelihood ratio
statistic testing point null against point alternative hypothezes which results from the
Neyman-Pearson lemma, see e.g. Andrews et. al. (2005). Because of the incidental
parameter problem that results from the fixed effects ¢;, we can, however, not use the
likelihood ratio statistic to construct the power envelope since the maximum likelihood
estimator is inconsistent. We therefore obtain the power envelope using the least
favorable alternative. The least favorable data generating process satisfies the Sys
moment conditions and leads to the smallest rejection frequency of Hy : 8 = 6, for
values of 6y smaller than one when the true value of 0 is equal to one. It results
from those data generating processes that have the maximum rate for h() while still
satisfying the Sys moment conditions. This maximum rate results from Assumption 1
so, since

Vi1 = My + U1, (44)

it has to hold that y; = 1% and the variance of u;; is at most of order (1 — 0) 2",

for some ¢ > 0. Hence, the maximal rate for h(6y) is proportional to 1 — 6. We also

note that the Lev moment conditions do not hold when p; = u—eCW> for some € > 0.
The maximal rate for h(6y) is therefore attained for DGPs 1, 2 and 5.
We construct the power envelope for the identification robust GMM-AR, KLM and

GMM-LM statistics.

Theorem 7. Under Assumption 1, the conditions in (3), finite fourth moments of
¢ and uyg, 1 =1,...,N, t = 2,...,T, the least favorable data generating process for

discriminating between values of 6 less than one from a value of 0 equal to one while
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the true value 1s equal to one is such that the non-centrality parameter in the limiting

distribution in Theorem 6 has a value of the covariance matriz Viyy yuy,ay €qual to

0 0
sy ( 0 ding(B(d, — 032, o308, oo, B, — oD, o3od) ) 9)
Proof. see Appendix A. m

Theorem 7 shows that the large sample distributions under the least favorable
alternative do not depend on the variance of the fixed effects, 0. They only depend
on the variance of the disturbances at the different time points and the fourth order
moments of the disturbances. We use Theorem 6 to construct the power envelopes for
the different statistics. To compute them we use values of o2 that are constant over
time and disturbances that result from a normal distribution so the excess kurtosis is
equal to three.

Panels 4-8 contain the power envelopes that result for the GMM-AR, GMM-LM
and KLM statistics. All these power envelopes are computed by simulation and for
none of them is there any size distortion at the true value. This shows that the large
sample distributions of the statistics stated in Theorem 6 provide good approximations
of their small sample distributions.

Figures 4.1-4.5 in Panel 4 contain the power envelopes for the GMM-AR statistic
where each figure shows the power envelopes that hold for a varying number of cross
sectional observations and the same number of time series observations. Figures 5.1-
5.3 in Panel 5 contain the power envelopes for the same number of cross sectional
observations and varying numbers of time series observations.

Figure 4.1, which is for three time series periods, shows that the Sys moment
conditions do not identify # when T" = 3 since the power envelope which results from
the least favorable alternative (from the perspective of the tested hypothesis) is flat
at 5%. This accords with our discussion in Section 3.1. Figures 4.2-4.5 show that
the identification improves when either the number of time series observations or the
number of cross sectional observations increases. The former is further highlighted in
Figures 5.1-5.3 in Panel 5. These figures clearly show that € is not identified in case
of three time series observations and becomes identified as the number of time series
observations increases.

Panel 6 contains the power envelopes for the identification robust KLM statistic. It
again shows that Sys moment conditions do not identify # when the true value is close

to one and the number of time periods is equal to three. When we increase the number
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of time periods, 6 gradually becomes better identified. For the same number of time
series and cross sectional observations, the power envelope of the KLM statistic lies
above the power envelope that results for the GMM-AR statistic. This results because
of the smaller degree of freedom parameter of the limiting distribution of the KLM
statistic compared to that of the GMM-AR statistic.

Panel 7 contains the power envelopes of the GMM-LM and the two step Wald ¢-
statistics. The large sample distributions of both of these statistics are sensitive to the
identification of the parameters. Their power envelopes are therefore non-standard.
First for the GMM-LM statistic, we see that it is size correct but the power envelope
partially goes down when we have more time series observations. Second for the two
step Wald statistic, we see that it gets more and more size distorted for larger number
of time series observations. This results from the non-standard limiting distribution of
the two step estimator stated in Theorem 5 and is shown in Figure 3.1 as well.

Panel 8 contains the power envelopes of the GMM-AR, GMM-LM and KLM statis-
tics for different numbers of time periods and N = 500. The power envelope of all these
statistics are flat at 5% when T' = 3 which shows the non-identification of € by the Sys
moment conditions for values of #, close to one. For larger number of time periods,
the power envelope of the KLLM statistics lies above the power envelope of the other
statistic so the KLLM statistic is the statistic that maximizes the rejection frequency

under the worst possible scenario.

6 Conclusions

We analyze the identification of the parameters by the moment conditions in linear
dynamic panel data models. We show that the Dif and Lev moment conditions for
general numbers of time series observations and the Sys moment conditions for three
time series observations do not always identify the parameters of the panel data model.
When there are more than three time series observations, the Sys moment conditions
identify the parameters of the panel data model for every data generating process for the
initial observations that accords with the moment conditions. The non-identification
of the parameters results from the divergence of the initial observations for some,
common, data generating processes. This divergence leads to non-standard behavior
of estimators or slow convergence to their limiting distributions even in case of the
Sys moment conditions with more than three time periods. Statistics based on these

estimators, like Wald statistics, therefore often behave badly. The performance of the
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identification robust GMM statistics, like the GMM-AR and KLM statistic, is, however,
excellent. We use these statistics to compute the power envelope which shows that the
KLM statistic is the statistic that minimizes the rejection frequency for the worst case
data generating process with persistent data.

We analyzed the simplest panel autoregressive model in order to study the identifi-
cation issues in an isolated manner. In future work, we plan to extend the analysis by

incorporating more lags of the dependent variable and additional explanatory variables.
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Panel 4. Power envelopes of 95% significance tests of different values of 6 while the true

value is one using the GMM-AR statistic with Sys moment conditions and varying numbers

of Tand N, o?=1,t=1,...,T. N =250 (

dashed), 500 (solid), 1000 (dash-dotted).
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Panel 5. Power envelopes of 95% tests for different values of § while the true value
is one using the GMM-AR statistic with Sys moment conditions and varying
numbers of T and N, 0? =1, t =1,...,T. T = 3 (solid), 4 (dashed), 5 (dash-
dotted), 6 (dotted), 7 (solid with plusses).
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Figure 5.3. N = 1000
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Panel 6. Power envelopes of 95% tests for different values of § while the true value
value is one using the KLM statistic with Sys moment conditions and varying numbers
of Tand N, 6?=1, t=1,...,T. T =3 (solid), 4 (dashed), 5 (dash-dotted), 6 (dotted),
7 (solid with plusses).
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Panel 7. Power envelopes of 95% tests for different values of 6 while the true value
value is one using the GMM-LM and 2 step Wald t-statistics with Sys moment conditions
and varying numbers of T and N, 0?2 =1, t =1,...,T. T = 3 (solid), 4 (dashed),
5 (dash-dotted), 6 (dotted), 7 (solid with plusses).
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Panel 8. Power envelopes of 95% significance tests of different values of 6 while the true value
is one using the GMM-AR (dash-dot), KLM (dashed) and GMM-LM (solid) statistics, N = 500
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Appendix A. Proofs

Proof of Theorem 1. When T = 3, we can specify the large sample behavior of the

Sys moment conditions by

%‘1(Ayi3 - 9Ayi2)
INOESE Dyl
N( ) NZ ! Ayi2(yi3 —9%2)

~ o) + Ag(0) (et + Bl (1= 60 ) + e By (0)

, 0 -0 1 0 0 0
M(U):<a%>’Af(0):<1_(g 0>’Bf(0>:<1—(9 1—4 1)

with

Jir " Cilli2 Vet

h(6o) N 11 W42 _ 2 1 N 2 2 _

VN 2 i1 ( Yirtis ) o v ( s ) » VN D1 | Ui — 03 7 Veu Ve
Ui2Ui3 wcu,g

and 1 and v, are normally distributed random variables. Under the limit behavior in
(19), we can then characterize the large sample behavior of the Dif, Lev and one step

Sys estimators by

1 N
N LN Ay,
Opif = =t ng_ly}Ayz.?, — % — 14+ 3¢w
N Zi:l Yil AYi2 0071, h(@o)\/ﬁﬂo 2 9
d
I M _ 0, + NZZ L (cituiz) Ayin
bev N 2171 Yi2Ayi2 N 22 1 Yi2 Ayi2
) ¢ru 1+'¢qu 3
h(90)<eLev - 90) — T

0071, h(60)VN—0
d

1 oN Yin Ay 1N Vi1 Ayis
N =1 N i=1
A Yis Ayio Yizs Ao
QSys,lstep = 7
Lo [ YiAyin) Lo | Yi1Ayi)
N =1 N i=1
Vi AYio Y2 Ayio
— wz;fsl/’z =14+ 1113 111
0071, h(00)vV'N—0 2
d

and

For the two step Wald estimator, we first need to characterize the behavior of the

Eiker-White covariance estimator V;(6) :

Vir(0) = 5 2ina(fi(8) = fn (@) (f(6) — fn(0)),
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which reads

h(00)* Vs (0) — Ap ()i Ay ayAr (0)
6011, h(80)vVN—0
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/

Ay; 1 Ay; Ay, 1 Ay;
n0)* |5 (v | 0 ) | e | (| ) |
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- Vi Ay ay
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d

the two step Sys estimator then results as
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A 1
Af(esys,lstep)_l ( 0 ) ¢3

(1 - éSys,lstep)

(

Vy1Ay,

1
1

1
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where we used that A;(6)~*

(1)

1
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) =15 (

1
1

0

y1Ay,y1Ay 1

)i ()

1
1

1

) and Af(Q)*l (0

) =

Proof of Theorem 2. The two step Wald statistic is defined as:

WQS(Q) - N(92s - Q)IQN(éQS)Ifo(é%)_lCZN(@Qs)(‘928 - ‘9)

32



For the Dif estimator, we can characterize the limit behavior of Nqn (6a) Vi (025)~qn (f2)
under (19) by

N ~ N N A / A —1
Nan(B26) Vi (Bas) g (B - (52) VoA yanay (1))
qn (025)' Vi (026) " an (02s) 1L M0 Do | 7)) Viragunay C17) | 2
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For the Lev estimator, we use that 0., ~ 1 + h(6o) [M] $0 010 —01—0+

Yo
h(eo) [wqu,LZ;/)C%S i| and

Ayio(yiz — éLevyiQ) ~ Ayp((1—1—h(b) [%fcm] VYiz + ¢ + w;3)
= Ayia(h(o) [%%fws} (yin + ¢ + win) + ¢ + w;3)

which implies that

2
o Yeuat¥
Vip (6 — [M} Vipnayanayin + Veun + Veuss
7£(Orev) 6011, h(6o)w/F—0 0y Y18y 514y, cu, cu,33;
d

with V., 11 and V,, 33 the first and third diagonal elements of the covariance matrix of
(ciAyiz © uZy — 03 & upuiz) and Vj ay 4 ay11 the first diagonal element of Vi ay .,y
The large sample behavior of the Wald statistic using the Lev moment conditions then

results as

WLev (‘9) —
6011, h(60)vVN—0

d
2 2 2 -1
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The large sample behavior of 95y8725tep —0:
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SO since

~ N ~ _ ~ P32 1IN v r— 1
gn (QSysttep)/fo(QSysttep) 1(]N (05y5,2step) b0l h(0_0>)\/ﬁ—>0 (1_@223)2 (1) ‘/yliyﬂ/lAy (1) ’
d

we can characterize the limit behavior of the two step Wald statistic by:

WSys,2step (0)
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1 1AY,91 1

Proof of Theorem 3. The large sample behavior of the GMM-LM statistic of Newey
and West (1987):

—
0011, h(00)VN—0
d

-1

GMM-LM(f) = N fx(60)'Vis(60)~ qn (6o) QN(HO)'fo(HO)fl(JN(@o)]
aw (00) Vi (00) ™ fn (6o),

results from its different components. For the Dif and Lev moment conditions, it reads:
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with A¢(6); and Af(6), the first and second row of A¢(#). For the Sys moment condi-
tions, the large sample behavior of the LM statistic results as:

GMM-LM Sys (90) —
0011, h(6p)vVN—0
d
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where we used that A;(0)7! (1) = =5 () -

1

-1

Proof of Theorem 4. T=3. The specification of A;(#), A,, Bf(0), By, n(c?),v
and 1., results from the proof of Theorem 1:
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T=4. We can specify the Sys sample moments and their derivative as
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and
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T=5. We can specify the Sys sample moments and their derivative as
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and

CiUi2 0 wcim
CiU3 0 ¢ciui3
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Proof of Theorem 5. We show the consistency of the two step estimator and CUE
in two different manners. First, we show the consistency of the two step estimator
using its closed form expression that involves the one step estimator. Second, for the
consistency of the CUE, we use the convergence of the objective function and then
invoke the results from Newey and McFadden (1994). Before we derive either one of

these two results, we analyze the large sample behavior of the covariance estimator

Vip(0) = LS50 (£:0) — D) (f:(0) = [,

its inverse and some functions of it. To obtain the large sample behavior of the covari-

ance matrix estimator, it is convenient to specify it as

(Ap(O)(Ap(0) Ap(0))™" F Ap(0) L) Vip(0)(As(0)(As(0) Ap(0)) ™" 1 Ap(0)L),

with Af(0), a 3(T 4+ 1)(T — 2) x (3(T —1)(T —2) — 1) dimensional matrix which
is the orthogonal complement of A(0), so Ar(0) As(#) = 0 and A;(0)' As(6), =
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I (L-1)@—2)-1)° For values of 6y close to one, we decompose fo(ﬁ) as follows:
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with ab = % > iq a;b;. Using the properties of the partioned inverse, we can show that
the inverse of the above covariance matrix estimator behaves like

[(AfW)(Af(@),Af(@))l FAR(0)L)' Vi (0)(Ag (0) (A (0) Ap(6)) " Af(Q)L)] =

h(90)2vyliyy1Ayuu
~h(00) [A7(0), By (0) Vi By OV AL(0)1] A0, BLO)Y,

‘A/fl

y1Ay,y1 Ay.uu

N -1

~1(00) V2 Ay sy Vs By (0 Ap(0) L | A (0, By(0) Vi By (0) A (6) .| )
1

[Af (Q)IJ_Bf (Q)Vuuyuu y1Any (9)’Af(9)4 :
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N 1Ayy1Ayuu )
p \ =h(00) [AF(0), B (0)Vauun Br(0) Ag(0) L] Ap(0), B(O)Vy, Ay Vs Ay s Ay
—1(00)V,yr Ay s g Vi g By (0) A (0) 1 [Ap(0), B(0) Vi By (0) Ap () L] 1 )

[Af(0>/J_Bf(0)Vuu7uuBf(0) Af(0>l - Af(e)/ (0>V;//1Ay uuvtyliy ylAy%lA%uuBf(e)/Af (Q)L} -

\Ylth ‘A/ylAy,ylAgj.uu = ‘A/y1Ay cAy— %1Ay uuBf(e),Af(e)J-(Af(6)lj_Bf(Q)VMMUUBf(6),Af(6)J—)_1Af<6)ll-Bf(9)‘7y,
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We also decompose the Sys sample moments:

T+ 2 B, (1= 6o)ud) + (Ap(8) A5(0)) M Af(0) [(1 = O)u(0®) + o Br(0)uo |
i = Ap(0), | (1= 0)n(0) + FBr(0)0.|

which implies that
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[(Af(‘g)(Af(Q)/Af(e))l FAR(0)L) Vi (0)(Ag (0)(Ap (0) A (6)) 7" Af(g)L)} 7
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i

with
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Ay (B2 E(limaga(1 = 00)u)] + A (0)1)] = Vs By (0)' A; (0) L (A1(60), By (6)

= h(00)V, Ay Ay {\/—@/) + h(00)(As(0) Ay (0 )) PAR(0) [(1 = 0) (o) +
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)

)
|
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)
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it = [A7(0)LBr(0) Vs 8y B (0) A7 (0) 1] { = A (0) . By OV, Ay Vis Ay g
(A (6 A(6)~ A7 (6)' [h(60) (1 - )( 2) + Ay(O)ir 2 Eiman (1 — fo)i) +
oA (O + h00) e Br (01| + Ar(0), | (1= Ou(o®) + F B, 00, }

We use the above results to obtain the large sample distribution of the two step esti-

mator. The two step estimator uses the one step estimator

b1y = —(W AL AW AGA 1 = 1= (AL AR) T AL AR (1),

since Afy = Af(1) — A,, which is inconsistent as A¢(1) does not go to zero and where
we used that the large sample behavior of ¢y (6) is governed by h qw, see Theorem

4. The large sample expression of the two step estimator then reads
Oy = —(ra ¥ 4 Vis(b1e) HAgrm) ™ h(90 WA Vip(1) ™ oy At
= 1-(; ao)wlA'fo(le) A agaey) e AdVrr (01 T A (D
= 1 G A A Bua) s [ABrn) By (Br0) Vi B0 A Br) | As By A
eyt A4 A Br) 1 [Ar(00) L Br O Vi By BV Ar )|
[Af(éls)ﬁ_ [(1 — 01)p(0?) + \/—Bf(elsw ] -
Ap(01) B 010V, Vs g g g (A (01) Ay (01.)) 7 Ap (D) e A mw]
= 1- h(QO)WIAf;Af(le)L [Af(le)le(918)Vuu,uu.y1Any(918) Ay (1)1 } Ay (),
w,A;Af<9ls)J_ [Af(918),1_Bf(915)Vuu,uu.ylAny(@ls),Af(éls)J_} -
A (01,), [(1 = B1)ulo®) + F5 By (Or )] -
Ap(015) B (016)Vy, Ay Vor Agn g (A (015) A (01)) 1Af(éls>,\/_lﬁ"4f(éls)¢]a

which shows that the large sample distribution of the two step estimator for values of

0o close to one is characterized by

(00) (o — 1) —
(/AL Ap(Br) 1 [A
w/AizAf(‘gls)J_ [A
(1= b1)p(0?) + o

so the two step estimator is consistent but with a non-standard convergence rate, h(y),

By0r)Vanson By 0uV A )] " A0 )

~

(01, @
<é > By (0 )VWylAnywls) AsBr)s] A

( >( - ylAy,uu ylAy,ylAy )]

and a non-standard large sample distribution.
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To show the consistency of the CUE, we construct the large sample behavior of the
objective function for the CUE, the GMM-AR statistic divided by N :

Qeus(0) = TGMM-AR(0) = fx(0) V15(0) [ (0)

As stated in Theorem 6, the large sample behavior of GMM-AR statistic for values of

0o close to one is characterized by

w /
GMM-AR(0) — A0, [W(1—9>u(02>+3f(9)%} )
VylAyylAy VylAy’““Bf (e)lAf<0)J_ ) _1
Ap(O0)LBrOVy o Ag(0).Br(0) Vi By (0) Ay (0).
0
As(0), [\/N (1= 0)u(o®) + Bf<9>¢cu} ) |

When we divide by N, we obtain the large sample behavior of the CUE objective

function
;w !
R VN
Q@7 a0y, [(1- 0utod + Br0) Ao )
-1
Vyl Ay,y1Ay Vyl Ay,uuBf <6>’Af (6)L )
A(0Y, B OV, ayuu Ar(0), By (0) Vi B (0 As (6)
WY )
A0 |(1 = 0)p(0*) + By(0) v

Alternatively, this can be considered as the large sample behavior of the GMM objective

function that results from the sample moment

(h(00) Ay (0)(A(0) A (0) ™" Ag(0) 1) fn(0).

The expected value of this sample moment for large samples equals

0
( Ap(0) (1 = 0)u(o?) )

so the quadratic form with respect to the covariance matrix of this rescaled sample
moment, is clearly minimized when 6 equals 1. Since the sample objective function
uniformly converges to the population objective function, the CUE is consistent by
Lemma 2.3 in Newey and McFadden (1994).
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To obtain the convergence rate and large sample distribution of the CUE, we first

need the large sample distribution of ﬁN(Q) for which we construct the expression
for Vs (0)Vi;(0) ' fn(6), for which we start out with Vi(6)(A(0)(Af(0) Ap(0))"
Ap(0)1) -

Var (O)(As(O)(As(0) A7(0)) " A;(0).) =
{ Gt AV suan s + ks (AdVin s Br(0) As(0)(A;(0) A5 (6) '+
By, ayun) + BaViuau By (0) Ap(0) (As (0) Ap(6)) "

L AV Ay Br(0) Ap (0) 1 + Bunu,uuBf(Q)'Af(Q)L}

h(9o)

N (Aq : O) X Wlopva%ylAy m‘@lAywuBf(@)/Af(@)L
v 7o) A7 OV LB OV ayauu Ar(0)LB1(0) Vi, By (0) Ay (0) 1

i (A By O AN ALY ALO) ™ + By 0) 4
ByVauuu By (0) (Af(0)(Ap (0) Ap(0))7" 2 Ap(0) 1)
We post-multiply it with our limit previous expression for
{(Af(Q)(Af(Q)'Af(Q))_l L AG(0)1) Vg (0)(Ap (0)(Afp(0) Ap(6)) " Af(eh)}

(Af(0)(Af(0) Ap(0)) "1 A5(0)1) fv(0),
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to obtain the limit expression of Vi (0)V;(6) " fn(6) :

~Vor (0)V3£(0)~ £ (0)

<A : 0) (910)2 Vi ayanay %wlAy,uuBf(e)/Af(e)L
’ o A O L Br OV ayu Ar(0) 1 Br(0) Vi By (0) Ar (6) 1

5 (VB O AN ALOYALO) ™ + By 10) 4
quuumuBf(‘g) (Ap(0)(Ap(0) Ap(0))1 2 Ap(0) 1))

( (6’0)2 Vinayyay %VylAyﬂwa (9)/Af(9)J_ ) B
wo Ar(0) L Br(OVy, Ay Af(e)le(Q)VUU,uuBf(@)/Af(@)
T+ (Ap(O) A (0)) M Af(0) (1 = O)u(0®) + e Br(O)Pe, + As(O)er—2Elimgy (1 - Oo)u)|
A0, (1= 0)p(0*) + FBr0)0e,
= sk A+ Ay(Ap(0) Ag(0) " Ap(0) [(1 = 0)u(0®) + Ap(0)ir—E(limgps (1 — O )ik )+
F B0 ] | (ArVinm BOVASONALOYALD) ™ + BV 5y 0)

ByVauuu B (0) (h(00) As (0)(Af(0) Ap(0)) " Ap(0) 1))

—

)L
( Virayanay Viay, uuBf( )'A (9) >1
Ap(0) B (), Ay A7(0)' L Br(0)Vauua B (0) Ap(0) 1
T+ h(00)(As(0) Ap(0)) "t Af(0) [( 0)u(0®) + 75 B (0) e, + Ap(0)1r—2E(limgy 1 (1 — Oo)ufy)
Ag(0), | (1= O)u(o®) + F5 By (00,
so the expression for Dy (0) = qn(0) — Vi (0)Vi(0) " fn(6) becomes:
Du(6) = (o) = b Ayt = ke By, — Vo (0)V1(0) 1 £(0)
— =l = (1= 0)A,(As(0) Af(9)) LAR(0) (o) +
[AgVinayu B (0) Ap (0)(Af(0) As(0)) ™ + ByVy Ay + BeViwau By (0)' Ay (0) 1]

—1
Vi Ayan Ay VipayuuBr(0) Ap(0) 1
Ap(0) B OV Ay Ap(0) L Br(0)Vauua B (0) Ap(0) 1

(i fo-avicr o] )
A0, (1= 0)u(0*) + FBr(0)0e,
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(h(B0) A7 (6)(A7(6Y As(6) ™ : A7(6).) Div(6) =
— —AfOLTs — (1= 0) A, (A6 As(6) " A (0) Jn(o?)+
A(0)L1A,Viy g By (6 A (O)(AL(0) Ag(8) ™ + ByVy, sy * BoVawsunBy(0) A5 (6)]

—1
Vi Ayan Ay Vi ayuuBr(0) Ap(0) L
Ay (0), Bs(0)V, Ap(0) By(0)Vauuu By (0) Ap(0) L

1Ay,uu

Ly
Ag(O), (1= Ou(o®) + B 0| )
The CUE results from the first order condition:
DnBOove)VirOove) ™ fu(Bcur) = 0.
The derivative of fo(ﬁ)’% fn(6) is such that
53V (0) % fw(0) = Vis(6) "2 D (0),
see Kleibergen and Mavroeidis (2010), which we use to obtain a Taylor expansion of

Vir(Ocue) 2 fn(0cur) around one:
Vir(Boup) "% fn(Ocus) & V()72 fx(1) + Vi (1) "2 Dy (1) (Bove — 1),
which we insert into the first order condition to obtain:
Ocvp ~ 1+ (ﬁN(éCUE)I‘A/ff(éCUE)ié‘A/ff(l)iébN(l)) - lA)N(écUE)'fo(@cyE)*%fo(l)*%fN(l),

because (%U g is consistent, we equate it to the true value of 1 to obtain its large sample

distribution and convergence speed:

Ocvp ~ 1 ( v(fc )'fo(écUE)féfo(l)féf)zv(l)) Dn(Ocur)Vir(Bcur) 3 Vip(1)7% fa(1)
~ 1+ (Dx (V5 (1) Dy(1) - D) V() Vpp(1) 2 (1)
= 1+ [0 A1) 1A By () Va0 B (1) A (1) A1)
< AL A B0 Vo B0 A1)
A1), By (e, — A1), B (1 )vglAy,uuvg,lAy,ylAmw}

SO
VR(Bovs —1) = [0 A5(1) 1 [A (1) By()Viwguay By (Y A (1) 1] A (1) i(0?)]
(o) Ap(1) 1 [Ag (1) Br() Vi g B (1) A (1) 1]
Af(l)le(l) [wcu o y/1Ay7uuv.;iy7y1Ay¢} )
which shows that the CUE is consistent with a standard convergence rate and a normal

-1

large sample distribution.
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Proof of Theorem 6. GMM-AR statistic. Using the results from the proof of

Theorem 5 on the large sample distribution of the two step estimator, it holds that the
GMM-AR statistic equals

GMM-AR(6) = N fi(0) Vs(6) ™ f (6)
= Nxixi+ N x @ xIii.
The two components of the GMM-AR statistic behave according to:
N xixi=
N |7t + (A0 Ar(6) LA, (0) |(1 = O)uo?) +
[1(00) Vi Ay s { (A OY AL(0) 4, 0) | o A0
Ap(O)ir- 2E<hmeou<1 - eo>u 1] = Vs g By (6) Af (6
(1= 0)u(0) + By (000 }]
= [v+ h(90)\/_ (Af(O) A (0)) 2 As(0) [(1 = O)u(0®) + e Br(O) e+
(

T Br(0) 0o, + Ap(0)ir—2 B (limgyp1 (1 — 90)%21)”
_l’_

h(0o) [(1 = 0)n(0?) + o Br(O) e, +
)L (Af(0) B(0)Viunua By (0)' Ap(9) 1)~ A4 (0,

VN
A1(Oir-2 i (1 0002 Vi Ao [V + h00) VN (A7 (0)' As(0)) A (0
(1= 0)u(0?) + F B (0 W + Ay OBl (1~ o 2)]—
[0+ B0 VN (A (0) As(0)) M Ag(8) (1 = O)p(0®) + e Br(O)be, + Ay (O)er—2E(limg, (1 = Bo)u)| |
Vo Avn sy Vin s By 0)' A (0) L (A7(6), B Vo0V A0 Ar(0), [V - 0o + B0

where we used that h(fy)v/N — 0 when 6, — 1, and

N x4 xil =
N [4g(6y, [(1 =)o >+fo<0>¢ H’
[A7(0), B(0)Vasugn ay By (0) Ap(0) 1]~ {—=Af(6) (Q)‘/ZlAyuuVy?Ayy1Ay(Af(Q)/Af(e))ilAf(e)/

l_|

h(00)(1 = 0)p(0?) + = As(0 )1/)+h(Qo)Af(Q)LT—zE(hmeoTl( — o)uiy)+
Fh(00) By (00| + Ar(O), |1 = O)u(0) + FBy (O] |
[\/N(l—@u( >+Bf<9>w ) A0 A0 B (0) Vi B (0 A5 (0) ]
A0y, |VN %) + By(0)ve| -

Nag —e>u< >+Bf<e>w | AS0) 1 [A70). By(0)Viuu By (0Y As(0) ]

A O B OV, agaVis Ay g (A7 (O) A (0) 71 A4 (0) | VNR(G0) (1 = 0) (o) +
Ap(0)¢ + h(Bo) Br(0)¢c.]

48



since h(0y)v/N — 0 when 6, — 1. Hence, the behavior of GMM-AR(6) is characterized
by
GMM-AR(9)

= NfN(‘g),fo(Q)_lfN(Q)
=Nxvxi+ N xu xii

[ [P+ hOVRALOY A 0) A5 6) [(1 = 0)u(0%) + Fg Br(O + Ar(O)ir_2Elimmaya (1~ 60)
VNAS0), (1= 0)u(0*) + FBr(0)0e,]
Vinayyay VinayuuByr(0) Ap(0) 1 ) B
5(0)1

d

Ap (0, By(O)V), sy Ar(0)B1(0) Vi By (6) A
[@D +h(B0) VN (As(8) Ap(8)) Az (0) [( 0)i(0?) + F=Br(0) 1, + Ap(0)er—2E(limgyg1 (1 — Oo)ufy
VNAS0), (1= 0)(0*) + FeBr(0)0e,]

¢ !/
407, [VR(1L = 0)u(0%) + By(0)1, )

-1
VinAyan Ay Vi ayauuBr(0) Ap(0) 1
Ap(0) B (0)V, Ap(0), B(0)Vuuu By (0) Af(0) 1

y1Ay,uu

(G
A0), [VR(1 = 0)u(0%) + By(0)3, )

which shows that the GMM-AR statistic has a x*(3(T" + 1)(T — 2)) distribution in
large samples when 6 = 6y = 1 and a non-central x? with 1(7"+ 1)(T — 2) degrees of

freedom and non-centrality parameter

/ -1
0 Vin Ayan Ay Vi ayuuBr(0) Ap(0) L
VN1 —0)A(9), p(0?) Ap(0) . Br(O)V, Ay A7(0) . Br(0)Vauuu B (0) Ap(0) 1
0

VN1~ 0)A;(0) (o)
= N1 =0)*1(0®) Ap(0) L(Af(0)'. B (0)Vawwuys sy Br(0) Ap (0) L) A (0)' p(0?)
for values of # unequal to one. The non-centrality parameter shows that the power of
the test increases when 6 decreases and N increases as confirmed by our simulation

experiments.
KLM statistic. To obtain the expression of the KLM statistic, we use the expression
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for Dy (0) from the proof of Theorem 5 on the large sample distribution of the CUE:

— 7 Ad = T Baite, = Vor(0)Vis ()7 f(6)

— —[l5 = (1= 0) A (A (6) A(6)) " Ag(0) (o) +
40V B O A O AL OY ALO) ™ + BV, sy BaVias B (0) Ag(0).)

-1
V;nAyylAy V;JlAy,uuBf (9)’Af(9h
Ap(0), B (0)V, Ap(0) | By(0)Viuuu By (0) Ay (0) 1

( il )
A0, (1= 0)u0*) + FBr0)0e,]

SO

(h(60)Af(8)(Af () A7(8)) ™" £ A7(8).) D (6) =
— —Ap(0) [ — (1= 0) Ay (As(0)' Ap(0)) " Ap(0) (o) +
Ap(0) [AqVy 2y Br(0) A (0)(As (0) Ap(0) ™" + BaVy, Ay * BaVauun By (0)' Af(6) 1]

-1
VylAy,mAy VylAy,uuBfW) Af<6)L
Ap(0) By (O)Vy Ay Ap(0)' L Br(0) Vi By (0)' Ay () 1

(a0 fo-nier o] )
Ag(0), | (1= O)u(o®) + F5 By 00,

The important element of DN(H) is that it does not have a Ww component and
that its random components are uncorrelated with those of fy(6). The large sample
distribution of the KLM statistic is therefore a non-central x?(1) with non-centrality

parameter:

: B0 A0 I
N(1=0)%u(0?)(0: Af(6),) Yy sy Vinssyan By (0 A (6).
Ap(0) B )V, Ay As(0) Br(0) Vi Br(0) Ap(0) L

Py Vinaunay Va7 (0 41 (0). E (0: Ap(0) ) p(0?)
! Ap(0) By (0)V, Ap(0), B (0)VauwuBr(0) Ap(0) L

y1Ay,uu
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4(60) = Vi ayan sy Vi ayuuByr(0) Af(0) L -
A (0)LBr(0)Vy, Ayun Af(9)' B (0)Vauuu By (0)' Ag (0) L

(h(00) As(0)(Af(0) Ap(0))~" = Ap(0) L)

{=[Is—(1-0)A, (A (9)’Af( )AL (0) (o) +

[AgVis agua By (0) A (0)(Ap (0) Af(0)) 1 + ByVy Ayoue Bunu,u?Bf(Q)'Af(H)L]
VylA%ylAy ‘/?JlAy,uuBf(e) Af(‘g)L

( A(0) By (0)V, A0 Bs(0)Viuuu By (0) Af(0) 1 )

y1Ay,uu

0
( (1= 0)A(0) p(0?)
GMM-LM statistic: To determine the large sample behavior of the GMM-LM statis-
tic for values of @ close to one, we first determine the behavior of (h(6y)A;(0)(A;(0) A(0))~!
D Ap(0) 1) an(0) :

(h(00) Ay (O)(A (0 Ag(0)) 7 Ag(0)1 ) an(0)
= (h(80) A7 (B) (A (0Y Ar(0) ™ £ Af(6).)
|1(0%) + A, (gt + r—2 Elimg, i (1 = o)) ) + F Byt
B (A(6Y A(6)) 7 Af(6) F A
( Ap(0), [1(0*) + Ay (st + ir—2Btimog (1= 60)ud) ) + e Byt ) |
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so the behavior of fy(0)'Vy;(0) 'qn(6) is characterized by
() Vi () an (6)

Fr |
A0 |(1 = 0)p(0*) + By (000,
-1
Viayyiay VinayuuBy (Q)IAf<6)L )
(A5 (6) A5 (0)) A (6 F Ayt
Ag(0) |n(0®) + A, (mw + tra Blimgg i (1 — 0)u) ) + Bt
i i |
A0 |(1 = 0)p(0*) + By (000,
-1
Virayyiay Vinayuu By (9),Af<6)L
Af(0), By O)Vyayun Ar(0)By(0) Vi B (6 A (6)

y1Ay,uu
0

70 )\/— Ap(0) Agt
= b (1= 0(0%) + e B0) (Vo = VisyuaVinhyanan?) | 4501
(A7 () By (0) Vi ay By (0) A (0) L) 71 Ap () Ageh.
While gn(0)'Vi;(0)qn(6) is characterized by

an(0)' Vs (0) " an(0)

/!

B (A5(0)'As(6)) " As (0) F At
— L ARO) [0 + A, (ke + 2 Blimagn (1 —eo>u31>)+ﬁ3qu]>
Virayyay ‘/?JlAy,uuBf(‘g) Af(‘g)L ) o
ALY, By OV sy Ar0) By (O) Vo By (O A5 6).
(A5(0)'As(6)) A (0) F A
A0, [1(0®) + A, (damts + - (i ( %)u%))m—lﬁmww])

WWA;(AJ”(Q) Bf(e)vuu,uu-mAny(g) Af(g) )" 1Aq¢
Combining these results, we obtain the large sample distribution of the GMM-LM

statistic:
GMM-LM(6) = N fx (0) Vy(6) " qn (0) (an (0)' Vi (6) " an (0) " aw (0)' Vi (6) ™ f (6)
= [ = OVEU() + Br(6) (Vor — ViyspanaVyrhuanas®)] Ar(0)
(A7 (0)) By () Vi 2y By (0) A7 (8) 1) 72 Prio)(A(0)' Br(0) Vawun g By (0) A (6) 1) 72
Ag(0), (1= OVNA(?) + B1(0) (Vo = VyiayunVrAanay )]
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with
h(0) = (Af(0), Br(0)Vauuuguay Br(0) Ap(0) 1) 2 Ap(0) Agt)

which is a non-central x*(1) since ¥, =V, A, uuV;ﬂiy snayY is independent of ¢ with

(an independently distributed random) non-centrality parameter

N (L= 0)u(0”) A7(0) L(A7 (0)) By (0) Viswn o 2y By (0) Ay (0) )™ 2P
(A7 (0), B (0)Vassnun g By (8) A (6) 1) 72 A (8) p(0?).

Proof of Theorem 7. To obtain the power envelopes, we need the different ele-
ments of the covariance matrix Vi, yuyay = Vi — Vy:iy’yl Ay
is involved in the non-centrality parameter of the non-central y? distributions of the
GMM-AR, GMM-LM and KLM statistics in Theorem 7 under DGP 1 when 6, goes to

one:

y .
y1 Ay,uu ‘/yl Ay,uuy which

Voo (azdiag(a%, o3, o3) 0
uuuY ))

22 2.2 2 9 2 22 2 2

0 diag(E(u z2_02) y 0203, 030y, E(Ui3_‘73) y 0304
o . 0'(2: . 2 2 2 2 2 2
Virayyay = limgyn (1_90_)2(113%(02: 03, 03) +otdiag(o3, 03, 03)

‘/yziy,ylAy - (hmeoTl(l - 90)2) diag(0527 U:;?v UZQ) - (lim%Tl(l - 00)4) diag<0527 0-3:27 0-412)
[(limgy11 (1 — 60)2) diag(03%, 052, 072) + o3diag(oy2, 032, 072)] "
diag(03”, 03%, 07°)
v B (hmgoﬂ Zo-diag(a3, o3, o) )
y1Ay,uu — .
0
Combining these we obtain the limit of the covariance matrix involved in the non-

central y? distributions when 6, is equal to one.

I; V 0 0
1IMg,11 uuy1 Ay — 1 o) :
oft Tumnan Sy 0 lag( <u122 03)27 U%O%v 0504217 E(U?S O-§>27 050421))

93



Appendix B. Definitions
In GMM, we consider a k-dimensional vector of moment conditions, see Hansen (1982):

which are a function of observed data and the unknown parameter . The moment
conditions are only satisfied at the true value of the p-dimensional vector 6, 6y, and
k is at least as large as p. The population moments in (46) are estimated using the

average sample moments,
fn(0) = % XL £:6). (47)
The k x p dimensional matrix ¢y (6) contains the derivative of fy(#) with respect to
0 :
an(0) = g fn(0) = % XL, ai(0), (48)
with ¢;(0) = 57 (9).
For the Dif moment conditions in (5), k equals 3 (7'—2)(7'—1) and the specifications
of f;(0) and ¢;(0) read

FO) = Xigdt)  i=1.N, o)
QZ(H) = _XiAyfl,i 1= 17 s 7N7

with ¢,(0) = (Ayis — 0Aysa ... Ayir — O0Ayir—1)', Ay_1; = (Ayiz ... Ay;r—1) and

yna 0...0 0
0 0
Xi= Yi1 3(T = 1)(T = 2) x (T - 2), (50)
0 0...0 :
Yir—2

while for the Lev moment conditions in (6), k equals 7' — 2 while the moment functions
can be specified as
fi(0) = Win;(0) i=1,...,N,
a(0) = Wiy, i=1,...,N,

with 771‘(9) = (%‘3 —0yia ... yir — 9%‘7’-1)'7 Y-1,i= (%’2 .- -yiT—l)la and

(51)

Ay 0...0 0
Wi=| o - 0 (T —2) x (T - 2). (52)
0 0...0 Ayinl
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The specification of the moment functions for the Sys moment conditions results by
stacking the moment conditions in (49) and (51) so k equals (T + 1)(T — 2). While
we could extend the Lev moment conditions with additional interactions of Ay;—; and
Yir — Oyy_1, for j = 2,...,t — 2, like the extension of the moment conditions used
by Anderson and Hsiao (1981) towards those used by Arellano and Bond (1991), we
cannot incorporate these into the Sys moment conditions since some of the Sys moment
functions then result as a linear combination of the others.®> We therefore do not extend
the Lev moment functions with these interactions.

We use five different GMM statistics: the two step and CUE Wald statistics,
the GMM-LM statistic of Newey and West (1987), the KLM statistic of Kleibergen
(2002,2005) and the GMM extension of the Anderson-Rubin statistic, see Anderson
and Rubin (1949) and Stock and Wright (2000). The two step estimator and the CUE

result by minimizing the objective function:
Q(0,0") = N fi(0)'Vis(6") ™ f (0), (53)
with V;;(8") the Eicker-White covariance matrix estimator:
Vir(0') = % L1 (fil8Y) = [n(8)(i(8") — fu(6))" (54)
The CUE of Hansen et. al. (1996), Ocu g, results by replacing 6 by 6 in (53) while

the two step estimator, 925, uses a value of #' equal to the minimizer of (53) when we
replace Vi(6')~! by the identity matrix.* The expressions of the different statistics to
test Hp : 8 = 0 that we use read:

1. Two step Wald statistic:
Was(0o) = N(é%‘ — QO)IQN(92S),fo(éQS)_IQN(éQS)(éls —0p). (55)
2. CUE Wald statistic:

Weve(8o) = N(Bour — HO)IﬁN(éCUE),fo(éCUE)ilﬁN(éCUE)(éCUE — 6y),
(56)

3To show this consider that T = 4. Two of the (three) Dif sample moments are then
~ Zi\; Yi1 (Ayia —0Ay;3) and + Zil Yio(Ayia —0Ay;s) while two of the (three) Lev sample moments
are % Zf\;l Ayio(yiz — Oyi2) and % Zfil Ay (yia — Oy;3). If we substract the first of these Dif sample
moments from the second and add the first of the Lev sample moments to it, the second Lev sample
moment results.

4For the two step Wald statistic with the Dif moment conditions, we use a value of #* that results

from minimizing (53) using the covariance matrix estimator that results under homoscedasticity.
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with Dy () a k x p dimensional matrix,

A

vee(Dy(6)) = vee(gn (0)) — Vo (6)74(0) "/ (6) (57)

and

Vor(0) = 3N veclai(9) — an(0)](£:(0) — fx(6))'. (58)

3. The GMM-LM statistic of Newey and West (1987):

LM (0o) = N fn(00)'Vy(00) an(6o) [QN(QO)'fo(Ho)ICIN(HO)}l

k (59)
qn(60) Vi (00) " fn(6o).
4. The KLM statistic of Kleibergen (2005):
N R N N N -1
KLM(6o) = N fn(60)'Vis(0o) ™" Dn(6o) [DN(QO)'fo(HO)_lDN(QO)} (60)

D (00)'Vy(00) ™ fx (0o).-

5. The GMM extension of the Anderson-Rubin statistic, see Anderson and Rubin
(1949) and Stock and Wright (2000):

GMM-AR(0) = N fn(0)'Vi(0) " fn(0) = Q(0,0). (61)

All of the above statistics are general GMM statistics. The GMM-AR statistic is
the only statistic whose large sample distributions is not x?(p) under Hy. The large
sample distribution of the GMM-AR statistic is a x?(k) distribution under Hy. The
last two of the above statistics are so-called weak instrument robust statistics so their
(conditional) large sample distributions remain free from nuisance parameters when
the Jacobian identification condition fails. We can therefore use them to analyze the
influence of the fixed effects and initial observations on the identification of € in a clear
manner since the results are not distorted by the change of the large sample distribution

of the statistic caused by the identification failure.
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